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PRSTACE. 

Part I of "Tables of AGnor Planets Discorered by James C. Wateon," containing tables 
for 12 of tbe 22 Wataon planets, vas published in I9I0 in the Memoirs of the National Academy 
of Sciences, Volume X, Seventh Memoir, with a preface by Simon Kewcomb, in which he 
gives an accomit of the early history of the investigations of the pertm-bations of the Watson 
planets under the auspices of the Board of Trustees of the Watson Fund. 

In the introduction to Part I ' reference is made to the Watson planets of the Becuia 
group, for which it was found necessary to construct special tables on the plan of BohUn's 
tables for the group 1/3. A comparison of these tables with similar tables by v. Zeipel remained 
to be made before applying either of them to the development of perturbations of planets 
of the Hecula group. This comparison was completed in 1913 with the assistance of Miss A. 
Estelle Glancy and Miss Sophia H. Levy, with the results set forth in the following pages. 

Publication of these results was d^ayed, partly because it seemed desirable to verify the 
tables by apphcation to a number of planets and partly on account of interruptions caused in 
recent years by war conditions. Miss Glancy, in particular, had imdertaken to test the accuracy 
of our tables, which we had applied to v. Zeipel's example, (10) Hygita, by further investi- 
gations on this example after joining the Observatorio Kacional at C6rdoba in 1913. This 
test has now been completed with highly satisfactory results. The tables have also been 
successfully applied to the Watson planets of the Uecuba group, including (175) Andromache, 
which, on account of unusually large perturbations and other unfavorable conditions, forma 
so far the most striking example of the applicability of the Bohlin-v. Zeipel method and of our 
revised tables for the Beeuba group. 

The plan of work included conferences, in which Miss Glancy and Miss Levy took a leading 
part, for the discussion of the Bohlin-v. Zeipel method, involving verification of all mathe- 
matical developments and formulation of plans for the construction of tables, and, after the 
appearance oi v. Zeipel's tables, for the comparison of v. Zeipel's original, and our revised tables, 
^e numerical work was carried out by Miss Glancy and Miss Levy, who have also contributed 
veiy largely to the theoretical part of the work, and have prepared the principal details of the 
manuscript. 

To avoid confusion v. Zeipel's notation and method of procedure have been followed 
thiougbout in completing our tables for the Becuha group, which were weU under way when 
V. Zeipel's memoir appeared. 

To aid computers in the use of the formulee and of the revised tables, Miss Glancy has 
prepared detailed directions illustrated by an application to (10) Bygiea, the example first 
chosen by v. Zeipel. These are contained in the first section of the present memoir. 

Miss Olancy's contributions to this investigation and her work on {10} Bygiea were accepted 
by the University of California in partial fulfillment of the requirements for the d^iree of 
doctor of philosophy. 

Misa Levy's contributions and her work on {17S) Ajidromaehe were similarly accepted for 
the same degree. 

It seems highly desirable to make the tables for the development of the perturbations of 
minor planets of the Beeuba group at once available to astoonomera. They are therefore 
published herewith, in advance of the perturbations and tables of the remaining Watson planets, 
as Part II of "Tables of Minor Planets Discovered by James C. Watson." One or two parts, 
which are to follow, will contain all the numerical results for the perturbatdons and tables of 
Watson planets not published in Part I (1910). 

This memoir is presented in two sections. The first section, entitled "Fonnuin and Tables 
for the Beeuba Group, according to the Theory of Bohlin-r. Zeipel, and an Example of their 



Digitized by 



Google 



8 PREFACE. [Toi-xiv. 

Use," contains a collection of the formulffi to be used for any planet of the Beeuba group, the 
gena«I tables of the perturbations f^ch must be employed, and a more complete application 
of the fonnulffi and tjie revised tables to the plane* (10) Bygiea, than v. Zeipel gives. The 
second and more extensive section, entitled "Tables for the Determination of the Perturbations 
of the Hecuba Group of Minor Planets," concerns the construction of the tables and their dis- 
cussion with reference to the corresponding tables by v. Zeipel. It forms the preliminary part 
of the in restigation but is presented lost aa supplementary to the final results given in the 
first section. 

In the second section the tabular values which differ from the corresponding numbers in 
v. Zeipel's tables are placed in brackets. The general Tables XXXV, XXXVTII, XLIII, 
LIV, LVi, LVn, LVI, LVTI, of the second section, which, in order, are required to compute 
the perturbations of any planet of the Hecuba group, are repeated without brackets at the 
end of the first section as Tables A, B, C, D, E,, E,, F, Q, so that the first section is complete 
in itself for use in developing the perturbations of any planet of this group without the necessity 
of reference to the second section, 

A general account of the investigations of the .perturbations of the Watson planets was 
presented to the Academy on April 16, 1916, and is published in the "Proceedings of the 
National Academy of Sciences," Volume 4, Ko. 12, March, 1919. 

Abhih O Lbubchhxb. 

Washinqtoh, D. C, 1918, December. 
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TABLES OF HmOR PLANETS DISCOVERED B7 JAMES C. WATSON. 



"By AminN O. Lkitscbnes, Akna Ebtellx G1.ANOT, and Sopbia H. Lxtt. 



INTHODUCTIOK. 

Those planets whose mean daily motions are approximately 600" are classed vith the 
planet Set/uha, or, in the gronp for which 

lidiere n' and n are the mean daily motions of Jupiter and the planet, reepectively, and w is a 
emaD quantity. 

Among the minor plonete discovered by James C. Watson there are several of this type. 
In the course of the general pn^am of detAmning the perturbations of the Watson asteroids, 
there arose the necessity of computing special tables for the Beeuha group in preparation for 
the application oi Bohlin'a method to individual planets. 

General tables for the group ^ were in the process of construction, under the direction of 
Professor Leuschner,' according to the method of Bohlin,* when tables for this group were 
published by H. v. Zeipel.* The computers, Dr. Sidney D, Townley and Miss Adelaide M. Hobe, 
made a (XHUparison of their tables with those of t. Zeipel and found certain discrepancies 
Because of Has fact the completion of the tables for the Seeuba group was deferred. These 
discrepancies have been explained, as a result of a careful investigation, and the tables have 
been completed by Miss A. Estelle Glanoy and Miss Sophia H. Levy, under the direction of 
Prof esBor Leuschner. 

In the completion of the tables, v. Zedpel's method and order of procedure have gener- 
ally been followed. There are numerous discrepancies between our tablra and v. Zeipel's. As 
far as possible, with the aid of the original manuscript, kindly forwarded by the author, we have 
traced the source of these disagreements. In some of the more complicated functions it was 
not possible to do so, and theee discrepanciee remain unexplained. Our own results, however, 
are substantiated by the employment of independent developments. Further, where we found 
terms omitted which were of the same order as those which were incloded, we frequentfy 
extended the tables. In this connection, itis pertinent to remark that it is -veey difficult to set 
up a consistent criterion for the omission of terms. With the exception of a few scattered 
n^ligible terms, oar tables are published in full. They contain terms which may ordinarily be 
omitted, yet their numerical magnitudes depend upon the dements of the particular planet 
under consideration, and their use is left to the computer's judgment. Many of them are 
incomplete, i. e., the tabulated coefficients do not necessarily include all the terms of a given 
d^ree in the eccentricities or mutual inclination or of the small quantity w, which depends 
upon the difference between the planet's and twice JupUer'a mean motion. In other words, the 
coefficients may not contain all the terms of a given degree having the factors 

vf, r^, n'', j" 
which are defined on page 12. But, assuming certain nmaerical limits for the fundamental 
auxiliary functions, the coefficients are of this magnitude. The value of the additional terms 
win be shown best in an application of oar tablee to the same planet for which t. Zeipd computed 
the perturbations. 

Unless stated otherwise, tiie references to Bohlin refer to the French edition and are 
designated by B, Referencee to v. Zeipel are designated by Z. 

■ Ibmafrl at Uie Nitkiiul AMdemy ol 8c 

------- . - . . _ . — ■btrterPhi»l«o(lTpMl»,I8««). 
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L FORMULAE AND TABLES FOR THE HECUBA OSOUP, ACCORDmO TO THE 
THEORY OF BOHLIN-T. ZEIPEL, AND AN EXAMPLE OF THEIR USE. 



DBTBRWHATION OP CONSTART BLBHBNTS Ain> OF PERTURBATIONS OF THE HEAlf AnOMALT. 

The planet (10) Hygiea was selected by v. Zeipel as an example of the use of his taUea for 
the groap }. We have used it as a preUmmary example for the application of our own tables, 
so as to provide further comparison of our tables with those of v, Zeipel. 

This example is presented with the direct purpose of meeting the needs of the computer. 
For this reason, no attempt is made to explain the significance of the functions involved, yet 
their use will be less mechanical, if , in a general way, some of the essential principles onder- 
lying their development are understood. The theory of v. Zeipel is taken np in the second 
section of this memoir. 

The method proposed by v. Zeipel is a practical od^tation of Bohlin's method of com~ 
puting the perturbations by Jufker upon planets whose mean motions bear nearly commen- 
Burable ratios to that of Jupiter. In particular, the formulae are derived for the planets of the 
Hecuha group. Tracing the history of this method one step further back, Sohlin's method is a 
modification of the theory of Hansen for the indeterminate case of nearly commensoraUe mean 
motions. ' Or, concisely, in v. Zeipet's own words, "Die benutzte Methode kann einfach dadurch 
charakterisirt werden, dasa die Differeutialgleichungen von Hansen mittels des Integrations- 
verfahrens des Herrn K. Bohlin gel5st word^i sind.'" 

Certain principles of Hansen are fundamental to an understanding of some of the important 
equations. Briefly, the perturbationa are reckoned in the plane of the orbit and perpendicular 
to it. In the plane of the orbit n^z signifies the displacement in the planet's mean anomaly 
{hz is the perturbation in the time) ; v gives the disturbed radius vector through the relation 

and the displacement in the third coordinate is denoted by t— ^. With Hansen's choice of ideal 
coordinates, the fundamental analytical relations are: 

*-«sin e— nf + c + n&t 

f cos/"0 (cos e — e) (11 

f aiaf'-a Vl — e'sin t 

r-fCX+v) 

dS'^ 1 a sin I" 

^ cos * 

^x=d^cosa <2) 

Jz = d0c<3e c 

i-rsinosin (A'+f)+Jx 

y = r8in Jsin iB'+/)+Jy (8) 

a=rsin c sin (C +f)+Jz 
where $,f, f are fictitiously disturbed coordinates, which, in comiection wHh constant elements 
and the perturbations nfe, i^, and ——• give the true position of the body. A', B', C",aina,ain h, 

sin e are the constants for the equator. The notation for the eccentric anomaly and the true 
anomaly is v, Zeipel's; in Hansen's notation tiiey would be written «,/. 

' ADcsnUierte lupltaaldouiiBn lOi dk EI«nibs.atai9«, p. L 
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H0.1J MINOR PLAKETS— LEUSCHNER, GIANCY, LEVY. 11 

When JupUer'a meui motion and that of the planet are nearly commensurable, the inte- 
gration of Hansen's differential equations becomes impracticable through the presoice of large 
integrating factors. The int^^als are of the fonn: 

1 sin[ 1—00 <4< +00 

J{m-iV)4 



<i'n'Y 



<i' < + 00 



For the Bteuba groap the mean motion is approximately twice the mean moUon of JupUer. 
Hence, for e«act coiomensm-abiUty, 

= 00 ;t'-=2, i-l. 



"V-ir) 



By introducing the exponential in place of the sine and cosine, the indeterminateness can 
be removed, for if in~i'n'=-0, then eV^(*>»-''«')» = i. Thisia one of Bohtin's modifications. 

For any given planet the ratio is not exactly commensurable, and the derdopmente are 
originally made for the case of exact commenaurability. The^ are then expressed, for a given 
case, by Taylor's eeries in ascending powers of a small quantity w, which de[>end6 upon the 
difference between the real ratio and exact commensnrability. In addition to positive powers 
of w there will occur negative powers. "Hiey are due to the followii^ causes. Aia argument 6 is 
introdnoad (see p. 13), from wl^h the mean anomaly of Jvpiter is eliminated through the intro* 
duction of w. It is a aecessuy consequence of the iotm. of the partial differential equations in 

which -J- appears, that the integration of first-order terms shall contain vr^ and that higher 

order terms shall contain other negative powers. Hence the integrals are series in both posi* 
tive and negative powers of w. 

In distinirtioD to the method of Hansen the elements appear explicitly in the arguments 
or aa factors in the terms of the series. 

An important feature of v. Zeipel's theory is his treatment of the constants of integration. 
Knee the method is essentially Hansen's, the constants of integration must be determined con- 
sistently with that method. Given osculating elements, the constants of integration are deter- 
mined by the condition that, at the date of osculation, (.t = 0), the perturbations and their 
velocities shall be equal to zero. 

V. Zeipel adopts osculating eUments as his initial dements. With these elonents nnd the 
perturbations and their velocities at the date of osculation, he computes elements, designated 
by the subscript unity, in which the constants of int^^ation are absorbed. They are analogous 
to Hansen's constant elements, i. e., the fundamental equations of Hansen are valid. 

Our transformations of the elements differ from t. Zeipel's in two respects. First, the 

constants in— ^^, and in its velocity have not been introduced into the elements i, Q, but 
cos I . "^ 

are treated in the usual Hansen manner. Second, v. Zeipel intiwiucee certain terms in the 

perturbations which have tiie same period as the planet (argument t), into tiie elements to 

fonn mean elements. This has not been done. 

The general tablre, XXXV, XXXVHI, XKOI, LIV, LVi, LVn, LVI, LVH, which are 
requiied in computing the perturbations, are given at the conclusion of the formulae. The 
formulae for any planet of the group ^ are ^ven completely, and they are supplemented by 
numerical values for the planet {10) Sygiea. 

The references to v. Zeipel's paper are indicated briefiy by Z, followed by the number of 
tile page. 

The osculating elements of the planet are taken from Z 139; the elements for Jvpiter are 
taken from Astronomical Papers of the United States Nautical Almanac Office, Vol. VH, p. 23. 
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12 MEMOIRS KATIONAL ACADEMY OP S0IENC3ES. x^a-xn. 

(10) Hygiea. Jupiter. 

EpoiA, 1851, Sept. 17.0, Ber. M. T. Epodi, 1851, Sept. 17.0, Ber. 3f. T. 

OSCUl^TINa ELEHENTa. UBAN BLEUBNTS. 

n,-.634r860 - 0?176347 »'- 299fl284- 0?0830912 

Po - 6*46.'28 - 5?7713 »>' - 2*45.'95 - 2?7658 

ffo-227 46.61=227. 7768 w'- 11 64.45- 11.9076 

0„-287 37.19=287.0198 ft'- 98 55.97- 98.9328 

w,-300 9.42-300.1570 w'-272 58.48-272.9747 

to- 3 47.14- 3.7857 »'- 1 18.70- 1.3117 

C-126 69.81-126.9968 c' = 199 57.70-199.9617 

Mean equinox and ecliptic, 1860.0. 
Epoch, 1851, Sept. 16.96X79 6r. M. T. 
The foUowii^ notes in regard to these elements are of importance: 

Jftpiter't elements were first takeo from Z 139. They were used only in the equations 
numbered (1). In theee equations either set of elements may be used with sufficient accuracy. 
In fact, it is not necesaary to know Jupiter's elements as accurately as those of the planet, for 
they appear only in the si^uments of the perturbations. We have adopted Hill's valuee (rf 
the elements and Newcomb's value of the mass of Jupiter, Ilie tables of the 'perturbations 
are based, however, on Bessel's value for m'. To correct the perturbations for the improved 
value, it is only necessary to multiply them by 1.0005, and this is done in the formuln which 
follow. 

The original epoch of Jupiter's elements was 1860.0 Ch*. M: T. It was changed b; the 
formula c'-148'* l.'97+n'( (4) 

The elements of Syffiea are very good osculating elements, computed by Zech. Th^ 
include perturbations by Jupiter, Saturn, and Mars and are based on five oppositions. The 
reference for these elements is doubtful, for in Astronomische Nachrichten 39, 347, the elements 
given by Zech are not identically the same, although the differences ore very small. The values 
given by v. Zeipel were probably taken from Zech's manuscript, to which he had access. They 
may, therefore, contain some later corrections. 



The auxiliary quantities ^, 4, J are first computed l^ the formulae: 

sin^^sini (*+*)-ain| (»,-«') sin j (*,+»') 

8in^^c08|(*+*)-c08 5 (ao-(J')8in| (t.-»') 

cos 2 Jam ^ (*-*)-aing (0,-a') cosg (t„+t') (6> 

cos i J cos I (♦-♦) -cos I (ft.- ft') cos - (i,-i') 

Check: «?J*:_5J5*_!>°iaiL^ 
sin », sin t' sin J 

rben follow 

n,-^,-a,-*; )?, = f ; n'-^'-ft'-*; ,'=J. 

., . .J .1 ,1 , -7,1 

y»=8in* ^ cos* ^ (Po cos* 2 V ; t=8iD J coe' ^iV iby 
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K»..i HINOS PIiAHBTS— LBCSOHNER, QLANCT, LBVT. 

aod tile ugumeoto for tile date of oeculation: 

»,-l«,-j' where j'-t' + [ii'te1i In'&T -(9.6215) sin USSSJe, 
where tiie coefficient in parentiieses is logarithmic in degrees. 

i,-e, sin j,-Cb; r-gt.+tf.+J, 



13 



<8) 



♦ -357.7586 

J- 5.0856 

log ;,- 8.70139 

log q' - 8.38238 



{10) Bygitn. 
n,-302!3984 
n'- 80.5305 

log f- 7.29275 
log . - 8.94739 



logtP,- 



8.76072 



-13173236; r-145!0746 



^,-2I5?8679 
£,- 28.9289 

«.-223.2334 (a)' 

-(c' + [»'&!)- 223.2445 (8) 

I c,-c'- 223.6448 (e) 
See footnote.' 



With these initial quantities all the arguments and factors in Table LVI or F are computed. 
The required function, w— tr,, is computed by succeesive approximations, the fiiet approximation 
being 

Uf — 10, 

In the first trial tile smaUeet tenns and the last digit may be omitted; the second trial should 
be accurate; a third trial, if necessary, will require only corrections to the largest terma. 
Tile mean motion n is then given by 



The time snoceBsiTe triala for w give 



(10) Byfiea. 


or w give 




a;-w. 




+O.O0SS8 


«■- +0.061208 


+O.0O354I 


log tr- 8.78681 


+O.0O3668 


i>-637f2633 



Designating bjr Cand 8 series to be computed next from Table LVII orG,it is evident by 
inspection of Table LVII that 

Ccoe ^+S'Bin ^-.J«coe (^ + ^)-i'ecos ^ooa f(-^esin ^sin ^ 

C-'Ie coa X; S i'csin X {10) 



from which 



L AM»idlii(latlwUiHi]'{i«eI(NittiaU,FKt3,p.lfl),(B)liri(Id; 01 K rlcld wCtlttn CM 
-' AlekT.Za^MlnJHcKvdirtMiliandbtra. Tba nhM f M f preftrabk, 
loIIuidUr by Batnm takai Iram HIH; In all ctlwc partieltlHeeniiuUltoii 
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BOCUOIRS NATIONAL ACADEMT OF SCiESCES. 



To make the order of computation e'ndent, the succceEive steps for a group trf 
Hygiea are given. 



iToi. xrr. 
(emu for 



X 




X 


-5 


- 0.1 


-Br+69o+ei, 


H 


ha4 


111. 10 


+ o"4 


-4r- -69,+6J, 


■ 


■ 1.9 


256.18 


- 1.8 




-Sr- -M,+6io 


■ 


i.6 


41.26 


+ 3.0 


+ 3.6 




■ 


. B.K 








- r-.6flo+e-(o 




■21.5 


331.40 


-10.3 


+18.8 


«;+«; 




116, 48 


-6«.4 


+2ai 


r4-w,+6J, 






+ 4.0 


+ 0.6 


2r+6#,+6J, 


- 3.1 


46.63 


- 2.2 


- 2.1 


3r+M,+«i, 


- 1,9 


191. 70 


+ 0.4 


+ 1.9 



The second coluinn contains the sum of the numerical coefficients moltiplied by their respec- 
tive factors vfr^'if*. The columns —S and + Ccontain the required terms from this group in 
the table. Thc^y can be computed at the same time if a traverse table is used.' 
From i^ and C the elements k and ip can be computed by the formuhe: 
e sin ()t— ff,) = iS cos v. 

«co8 {n-K^ — e^ + Otm'ip^ (11) 

«>-8in ip 
In place of ij„ 4^, X, the following are used hereafter: 



5-2 



5-+1215f0 
C~ +2191.1 
A-218?8S82 



^-■^, + (st-jr,) 



J-i-,+ C»r-)r,) 



(12) 



(10) Bygiea. 

-jit- +3?0203 
r-230. 7971 
2= 31?»492 



logD = 8.74517 

log siny)- 9.04620 

V = 6?3858 



There remains one more element to determine, namely, c, but the computation nmBt be 
deferred until we know the perturbation nJ2 at f-=0. (See equation (1), page 10 or page 16.) 

The ficUtiously disturbed eccentric anomaly at the time f-0 denoted by <i, is determined 
through the relations : 

«.-*t ««»«.-«. (18) 

where t, is calculated with the aid of Astrand's table *; 

*17i(^-«i,)-^[^^K; tgi'i—^j^^tgHv,-^) (14) 



(10) Hygiea. 
-3?2968 c,-127?6064 



-«sin*^-122?5678 



The perturbation niz is computed « follows: 

The function 1 + #(tf) is computed from Table XXXVIU or B. The coefficients are mul- 
tiplied by their respective factors, the trigonometric functions of the arguments are expanded, 

and the coefficients of . jd are collected, (j ia the numerical coefficient of ^^). 
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{10) Hyffiea. 
l + «(«)-(l-O.0OSOel)(l-O.O55937 sin 2» + 0.017170cO8 2« 
+0.016057 sin M+0.012244 cm M 

+ 0.000905 sin 6i>-0.0050SI coe 6»+ 

+ (»-»,)( + 0.000007-0.000490 sin 2|>-0.001266 cue 20 

-0.000361 Bin 4d+0.000409co8 4tf+ )} 

where the coefficieDte are in radians, and d, is the value of 9 ai.i — 0. 



15 



Let 1 + 17 b« the nontrigonometrical term in 1 + #((?), take it out as a conunon factor, and 
denote the numerical coefficients by Aj, Bj,A^, B^, A,, B„ („ a„ fr„ a„ &„ respectively. 
With these coefficients the following are computed: 



0,-K -B,+|(^B,-.MJ-5B.W+fl,')+5»i) 
'a+\(A,'-B,i\ 

iA.+i(A^.-B^,)-^(.3B,'-A,')j 
]a,-^(AB.+B^.)-iB,(3.^'-B,«)] 

There are check formulae for tilese qn&atitiea in Z 134, equation (153), (161'). In equa- 
tion (153) thei« is a misprint; in equation (161') there are two misprints. ."The errors and their 
corrections are noted in the list of errata which accompanies the second ssctioa of this p^ter. 



S.-K 
0,-K 
S,-K 
0,-K 



s.'- 


■iff^. 






0,'- 


-Kfu. 






«/- 


■ K^<^,+Ajb,- 


-B/h) 


(15) 


0,'- 


- K^ (a,+Aji,+BJ,,) 





<7."-irf (i.-^A-^A) 



TeeooQs are notea in uie ust ui errata woica accompanies we aecona sscuoa o 
A part of the long period terms in nJIg, denoted by [ndz\, is expressed by 
[niz[t-8, sin 2C+0, cos 2;+5« sin iz+^* cos ic + S, sin 6C+0, cos 6C+ . 

+ |(C-C.)W«ta2c+Ci'coe.2C+S,'ain4;+0,'co84c+ .. . )+(|Y(C-CJ'C.'+ . 



(16) 



(10) Buiim. 
I +*(«)- (1-0.008064) {l-a056384 sin 2«+p.017308 cos 2« +0.016186 sin 44 
+ 0.012342 cos 4«+0.0009i2 sin 6«-0.005i22 cos 6«+ . . . 
+ (4 - 4.) ( + 0.000007.- 0.000494. sia 24 -0.001276 cos 2tf - 0.000364 sin 4# 



+ 0.000412 cos 4« + 

.i, -+0.017308 
B,--0.a5«884 
A,- +0.012342 
*,-+0.0161S« 
-d,- -0.006122 
B,- +0.000912 



.)+ ) 

4,- +0.000007 
«,- -0.000494 
»,- ^0.001276 

a, 0.000364 

h,- +0.000412 
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Unit of A^ etc., is one radian 

[ll«8l,-(3.59592)sin 2{ +|(C-C.) [(''•933,) lin 2C 

+ (4.09785) cos 2t + (0.621) cos 2; 

+ (3.07S3) sin 4; + (0.085) sin 4; 

+ (3.2230.) cos 4C + (0.006) COS 4C 

+ (2.i3m,) ante + ] 

+ (1.494.) cose; + 



in which the coefficients are logarithmic in seconds of tac. For this planet it is not neceseai; 
to indade G,". 

In equation (16) let 

S, - i cm K C;-lsinir 

S;- -i' sin K' C,-V cos K' ' ' 

Then 

[n&l-J-lsin («<+X)+ |(:-COi't' cos («<+«■)+ (18) 

The BTgoment C is given b^ tlle relatioa: 

and ^, is the value of ; at f — 0, la vbidi, [n'dz'l, the long period tarm between Jupiter and 

Satum'm: 

[n'*3T-(9.521S)Bm{C9J8639)r+lI5?326} (20) 

where the numerical coefficients are logarithmic in d^rees, and Tia measured from the date <^ 
osculation in Julian years. 

Hie complete expression for the long period term in nJ)z is: 

M»]-w»i.+i^fil^±l^;(!<-[»'»»i) (21) 

It is important to remark that, in eqoations (10), (21), the eccentric anomaly is eompoted 
by the usual f onnula, 

t — e sin t—c+nt+nJtz (1) 

m which the mnltiplee of 2* must be retained, for i is used here as if it were the time. Knee 
nii b miknown, the computation is by successive approximatiooa. 



00) HygUa. 



[flJ%]i-(4.11837)8in (2;+ 72?5246) 
+ (3^180) sin (4^+805. 627) 
+ (2.442) sin (6C+186.4$) 



+ (0.199) cos (4^+309.75)+ .,..}+,... 
in which the ooeQcienta are logarithmic ia seconds of arc 



TbB aq^oment ^ in (ndz — [ndz]), the short period part of ndz, is given by 
and the function itself is compnted from Table XXXV or A. 
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The numerical coefficienta in Table XXXV or A are multiplied by tiodr respecttve factors 

and the terms are then collected ia the form 

ndz-[ndz]-£C^^ (iit+j^ + kJ-l^) (23) 

By expanding the trigonometric functions, the known part of the argument, namely, 

hJ-lJ 
b incorporated in the coefficients, and the terms are collected in the form: 

ndz - [ndz] = la ain x + i"* cos x + (tf - tf ,) (la' sin x + ■2'6' cos x) 

+ (&-9„)*i£a" sinx + ^h" coax) (24) 

+ 

where 

x-4*+'* (25) 

Let 

a— it cos £ b •=}: Bin K 

(26) 

(27) 



i 


coa K 


I -It BiaK 


■k' 


sin K' 


b' -*' CM K' 


F 


' cos K" 


b"-t" sin Z" 



Then 

n*s-[n^2]-i't8in (x+K) + (&-»^) Ik' coa (x+ K' ) 



The tabulation of nHs — lndz] for (W) Hygiea ia given on page 27. 



Finally, the complete perturbation in the mean anomaly is; 

niz = [nAs] + (_n9s - [niz]) (28) 

It is now possible to determine e by succesBive approximations from equations (20), (19), 
<18), (21), (22), (27), (28). 

E^ma eqaation (1)> which holds for any time t, 

c—et— esin e,— n^z 

t-o (29) 

As a first approximation 

n^ — e—ti — eaint. 

Introducing this value of c in equation (19), a first approximation for n9z is made. Tot 1—0, 

(C-C^-0 (30) 

(tf_tf,)-0 

Substituting tJie value of niz in equation (29), and computing a new value of e, the p 
solution by trials is repeated until a satisfactory agreement is reached. 
110379"— 2t- — 2 
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(10) By04a. 
Below is the luet approximataon for the constant c. 







(Sea tabulotlon of Mi- 


Nt)oiip(.ir.) 








^1 


i-+J» 


*+«■ 


10S«IO(K+ff) 


liin(x+r) 


Approx. 7i3* 


+0?6124 












f,— «nn ti 

Approx. c, equ. (1), p. 10 


122. 6678 


.+ a 


286?683 


323?619 


9. 7732, 


- 282" 


121.IK54 


.+3* 


9.443 


291. 021 


9.9701, 


- 6S0 


^-^^^.P-IS 


67.240 


I»+M 


93.203 


268.21 


9.99ir 


- S«0 


~ e-e', p. 12 


217. 278 


iJSsS 


168.077 
241.837 


183.00 
336.37 


8. 719, 
9.620. 


- 6 

- 17 






, 


127.606 


136.14 


9.848 


+ ay 


1 1„ P- 15 


+3.9063 


*+2i» 


211. 366 


288.414 


9. 9772, 


-3403 






t+M 


296.128 


266. 179 


9.9872, 


- 723 


In'af], equ. (20), p. 16 


+0.3003 


t+60 


IS. 886 


223.38 


9.837, 


- 168 


(9.09672)(|«,-[n'ai'j) 


+3.6097 


- <+2J 


102.646 
316. 164 


186.8 
14.11 


9.073, 
9.387 


- 5 
+ 23 






- *+4tf 


39. 914 


129.91 


9.885 


+ » 


(B.SlB2»)(^*,-(n'««'j) 


-0.07H 


<+St) 

(+64) 


137.049 
220.809 


74.61 
39.63 


9.964 
9.804 


+ 121 
+ 44 




<+7* 


304.669 


3.26 


8.764 


+ 1 


r, equ. (19), p. 16 


220.848 


1+2* 


338.972 


236. 180 


9.9196, 


- 86 


1 

2f + 72?626, p. 10 


SL696 


2t+4J 


62.732 


209.15 


9.688, 


- 19 


103.392 


2t+M 


146.492 


183.0 


s-reT 


- 1 


245.088 


♦•+6* 
|»+7* 


34S.416 


2.4 


&62 





1M.22] 


72. 176 


327.9 


172. 


- 4 












4C+305. 027 


109.019 










+ 217" -6664" 


6c+18«.« 


71.67 








fat-{ri3*\ 


f- 6437" 
\- 1!6103 


gs 


9. 0384 
9.S7S0 








(8.3192,)(^,.-Ka*l) 


- 0.0752 


kiim 


9.9771 








nit, «qu. (21) 


+ 2.1994 












+ 0. 6139 




+ 6712" 
+ 1944 








«-c, 


12L9489 




+ 262 








1— to 


- 0.0778 


I-**! 


; +7B18" 
t+2fl»M 








121S661 


{».07164)Hr], 


+L032 








V". 


+67.240 


*, equ. (22), p. 10 


221?SB0 








-r''"^ 


217.278 


29 


83.700 












3» 


306.640 








"irs^Si 


+ 1.032 


\9 


167.620 








22L8S0 


M 


29.400 












M 


261. 2S0 












7tf 


113. 160 












M 


336,040 












J.,^w 


63.803 

127. aoe 












li 


191.409 












266.212 












i* 


819.016 













Collecting the elemente, and adopting a change of aotatioD, introduced at this point by 
'. Zeipel, namely, the addition of the suliecript unity to the elements just now determined, 
n, - 637'2633 -0!17701768 
»>,- 6!38e8 
<i,-230.7971 
c,- 121.9439 
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Tluse elements are constanta; they differ from conatant oeculafing elnnente only by the 
constants of integration in n9z and v. They are to be osed in tlie same manner as Hansen uses 
constant osculating elements. 

It is possible, in a similar manner, to dbaorb the constants of integratioa in the third coordi- 
nate in the elements t, and Q^ but this transformation will be omitted. 

It is a convenience to the computer to hare »! and c, transformed to mean elements. The 
last term in equation (21) increases in magnitude, prc^ressively with the time. The computa- 
tion of this tenn of large magnitude may be avoided by modifications of the elements n, and c,. 

The method <^ transformation can be clearly shown from the example (10) Bygiea, 

Y~Y^^^^^^'-[n'9zi)~(Q.S0i97^4+(8.31Q2)[n'iz'] (31) 

By equation (I) 

(6.8M97,).+ (8.3192) (n'ieT - (6.80497.) c,-0r4067 (-14f6 sin < . 

+ (6.80497,)n*z+ (8.3192)[n'&T ^^ ' 

It is evident from equations (I), (21), and (23) that the first term on the right-hand side 
ol equation (32) may be combined with the mean anomaly at the epoch to form a mean mean 
anomaly, given by ^ _ ^^ (6.80497 Je, 

Furthermore, the second term on l^e right-hand side of equation (32) may be combined 
with nf in equation (1). A mean mean motion is tha«t^ introduced, which is given by 
fl, - tt, - 054067 = 636f8666 

Again, the third term on the right-hand side of equation (32) may be combined with a 
tenn in (n3t~[nltg]) which has the argumuit i. In the construction of (n9s—[ndg]) there 
occurred the terms. +3^*5 ^ ,+4,^ ^ ,_ (i^g^^j ^ (»+7?63) 

^e addition of— 1456 sin < from equation (32) gives 

+ 2052 sin. + 456 COB* -(1.320) sin (•+12?74) 
These two values for the argument x-<< are tabulated in the body of the table given on p. 27. 

Further, since it is intended to improve the perturbations by the use of Xewcomb'a value 
for the mass of Jupiter, nUz must be multiplied by the factor 1.00050. The combination of the 
correction for the mass of Jupiter with the term of the same form in equation (33) giras 

( +,0.00060 -0.00064)n^«- -0.00014 ndz 
T^iis correction is the last step in tiie determination of niz, since it d^>enda vptrn the pertor- 
bation itself. 

Without change of notation for n3z, the collected results are: 

( — « sin * — c, + n^2+fi^ C33) 

where 

n^z -M«],+ (niz -[n^z])- 0.00014 niz+ (8.319) [n'iz'] (34) 

t It must be remembered that [nie\ and (n^ — [n^e]) are numerically differuit from tiieir 
original values, but there should be no confusion if this transformatioQ is not made before the 
constant e has been determined. 
The constant elements are now: 

Epoch and Osculation, 1861, Sept. 17.0, Ber. M. T. 
n, - 63658666 - 0? 17690461 
C|-121?8661 
^,- 6.3868 
«, "230.7971 
a, -287.6108 
io- 3.7867 
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BquiDOK and ediptio, 1S50.0 




log**-9.98741 l<^e, = 9.04620 log p, = 0.49191 

losV-S.4g548 

1(«V-I-49193 

Certain other transformBtioos of the elements which t. Zeipel makes are omitted. Those 
terma of the perturbations which have the argmnent < have the same period as the planet and 
can, therefore, be absorbed in the elements. It would be necessary to set up formulae for this 
transformation to mean elements, and it is not profitable to do so. 

FBRTHSBATIONS OF THE RADIUS VECTOK. 

The pertnrbationa in the radius vector are computed in a manner similar to that for 
(nJtz— [nSz]). In Table XUII the numerical coefficients are multiplied by their respective 
factora vf, 1^, ]}'*, f, the terma fu*e collected, the known parts of the a^:ument9 are incorporated 
in the coefficients, aad the terms are grouped in th^ form: 

u= Sa emx + Sh co8x+- • ■ • 

+ («?-OJUo' sinx+^i' cobx+- • • •> (35) 

+ C*-t>J*Ua"amx + 'S'6"cOBx+- ■ ■ •} + ■ • • • 
Let 

a — —le iin. K h — t cos iT 

o' - i' cos £' J' -4' ain K' (30) 

o"-— f'sin iT' h" — ¥'GO^K" 

Then 

tf-2-looB (x+S) + ('>-#,)i'it'sin(x+A:') + (*-^)'^fe"€oa (x+ir") + - • • • (37) 
and to correct the perturbation for the use of tiie improved value of the mass, v should be 
multiplied by 1.00060. 

, If tile mean motion ti, is adopted, the constant in v must be corrected by 

+3 ^i^T ^^^ ^ ' 

This ccarection of the constant in v permite the use of the rdatioQ * • 

in the coiiq>utatioa of a geocentric place; without this correction it would be necessary to use 
the relation 

in the determination of the parameter p. In the computation of the eccentric anomaly it 
is permissible to use either n, or n,, for the difference is taken up in the modification of niss, 
but the theory of Hansen demands the use of constant elements. Hence, strictly speaking, 
n, must be uaed in computing a geocentric place. The modification of the oonstant in v rmdras ^ 
the emploryment of «, equivalent to the use of n,. 



(10) Hygiea. 
2 0f4067 



637^" iliTT^""^^'^ 
The constant in Table XLm or C^is +4756. Therefore, the new constant is: 
+47.'6-87r8--40f2«(1.604) cos 180?00 
where the coefficient is logarithmic in seconds of arc. 
The perturbation is tabulated on page 27. 
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PESTUBBATIOnS Of THE THIRD COORDINATS. 

The pertnrbalions of the third coordinate are derived from Tables UV, LVi, LVq of D, 
E,, E,. The first of these is of the same form as the tablea for (nJte— [n&e]} and v. After mak- 
ing anali^ous transformations and multiplying hy the factor t cos i, (i is defined by equation (6)), 
tcoBiJPp., ^p^'asin-d-i'isin (x+K) (39) 

Both Table LVi or Ei and Table LVq or E, lead to a single numerical quantity, since all 
the factors and arguments are known coostantB. 

The perturbation u is given by 

« — I cos i l^Up^ij^n'^ sin A + njt{E^ (cos «— ei) + ^ s™ «} +c, (cos it— 6i)+<^ sin t] (40) 
in which c„ e,, the constants of integration, hare not been determined. 
The constants e, and c, are determined by Hansen's conditions: 

u-0] 
du J-0 (41) 

2^-OJ 

Substituting these relations and equation (39) in equation (40), the detwnuBatioa of e, and 
c, is given by the solution of 

(7, (cob f-e,) + Of sin €--£Jc sin (x+K); C, sin t- C,coBt-I1e^cae (x+K) (42) 
where C.-tcost-c, ,.„, 

and ... 

<hc » ,,-<w 

7, 2+'T, 

where 

i; i+ja.'+a,') A "^"2 — * ^ .' 

A double notation is used here, for cos t is the cosine of the inchnation of the orbit, and ^ is 
the numerical coefficient of t in the argument x> but this should cause no coofueion. 
Dividing and multiplying the factor 

I cos i-nJ 

'-W-'-|Si|T («> 

where 2*ia Hie interval in Julian years, measured from the date of osculation. 
It is evident that 

can be uicorporated tn ' ' _ 

IJc Bin (x+K) 

in th« same manner as similar terms were treated in (n^'-lndg]). 
For symmetry of form, let 

I cos i-nj£[K^ (cos < - e,) + ^ sin t]-£k' coa (x+^) (46> 

Finally, then, without change of notation, 

u-i'tsin (x+^ + T£i'coa (x+ JK') (47) 

in wbath the coostaQta of int^ration are absorbed in the first t«nn. The poturbation u is 
tabulated on page 27. 

The perturbations in the heliocentriG coordinates are computed from eqoationa (3) Tha 
signs of cos a, cos h, cos c are determined as follows: 

co3a>0if 0<a<180'' 
cos 6 <0 if -90''<(i<+90'' 
coa 6<0in any case, if e>i 
cos e > if sin t cos SI < cos i 
cos e>Oin any case if t<46° 
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(10) Hygiea. 

t-0 

4jn*s]t = [C4.41940)co8 (2Co+ 7255246) 
+ (3.9150) cos (4C, + 305?627) 
+ (3.220) COB (6C, + 186?48)]8in 1" 

^^ ll+i^W)"^-*^'''^ f = 0.0285 

§-^+0.02857 
Jiain (x+K)-~ 70r5 

i-i^coa (x+K)-+10m 

C,-.+I20f8 

Vnym Table LTV, multiplied hy t cos i we have three terma in 

-Jisin (x+JD 452-lf9sin« + 2f7co9« 

which, added to 

(7,(coBi-c,) + C;8in»--+120f8sin«+36.'9 (cos «-«,) 

gives for two terma in £Jc sin (x + £) 

- 7f8 + 1 IS.'Q sin i + 38.'6 coa i - (0.89) sin 270?0 + (2.0970) sin (t + 17?99) 

CHECK COMPUTATION. 

After the elements hare been determined and the final tabulation of the perturbatioos is 
ready, the following checks should be performed, eren if the computation has been duplicated. 
t~0 
*«— i{«i — <i sin '»)—?' 
g'^c' + lu'dz'] fl,=tf,H — 2 — (.ndz — [nde]) — iiW8ia t 

where the necessary quantities are to be taken from the last approximation for c 
Secondly, the hehoceatric coordinates 

x—Jx,y — ^f,z—Js 
for t — most check when computed by the usual formulae for two body motion and osculating 
elements, and when computed with the final set of Omenta and the correepoQdiQg perturbk- 
tions, nSz and v, taken from the final tabulation. 

The final tabulation of the perturbation in the third coordinate is checked by the test 

(-0 ; «-0 

COHPDTATIOH OP THE raRTURBATlOKS FOR THE TOIB t. 

It is well to emphasize hera the distinction between the elements n, and c^ and the elements 
fl, and c, in their relation to the perturbations. Let ndz^ denote the perturbation in the mean 
anomaly computed according to equations (20), (19), (18), (21), (22), (27), (28), and let nSsj 
signify the perturbation computed according to equations (20), (19), (18), (22), liie final tabu-^ 
lation of (iHfi-^litiz]), and an equation analogous to (34). (It must be remniubOTed that equa- 
tion (34) is for (10) Hygiea only. The numerical coefficienta are determined for each planet 
individuaDjr:) 

Before the determination of e there can be no confusion, for there is but one way to com- 
pute the perturbation lUfz. Later, when both c^ and c, are given, the computation may be per- 
formed in either manner. The latter method is, of course, adopted. The question then arises, 
what values of « and c are to be \tsed in equation (19) f 
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Clearly, there ia only one value of e, fen* 

«— e^ Bin I— «,+«,(+«&,— <, + n^ + n^2, 
and both ndz and t moat be found by trials. Farther, since the introduction of n, and Cj arises 
merdy from a transfer of certain terms in the perturbation, the argument of the pertorbation 
■9 independent of this transformation. Therefore c, is the constant in equation (19). 

For any time t the order of computation is: equation (33), n^Ieoting n8z, (20), (19), 
(18), (22), final tabulation of n9g — [ndzi, and the equation aQal(^ua to (34). Since the per^ 
turbations are large, the argument t is not sufQciently accurate when nde is Defected. It is, 
therefore, always necessary to make a second approximation for ndz. In the first trial the snuJl 
terms may be omitted. 

(10) Hyffiea. 



Pbktdbbi,tions nd(, i 



i, FOB 1S73, Skpf. ».4401, Bbr. U. T. 



los<,(d<s»<i) 


0.SCM32 


jog an 


».938?, 






■^l 


8.48678 


kgdn 


9.9918. 
9.7037 






I— VI 


9.7M1 










V'-' 


217?278 










220?8« 
321?880 
121?Sa61 


log CO. 
log CM 

k8 (C-C.) 
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The computation of the gooceatric place on page 26 is aaalc^us to the uaual method for 
two hody motion, tb« fundamental equations being (1), (2), (3). A complete set of formulae 
and an example of the computation is also given in Memoirs of the Xational Academy of 
Sciences, Vol. X, Seventh Memoir, p. 215. 
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Given a aeries of obserratioDS well distributed around the orbit and extending over as long 
an interval as is available, the elements can be corrected by the method of least squares. 

For Uus piUTHwe the formulae by Bauachinger * are convenient. The equations of condi- 
tion are set np for the residuals in the plane of the orbit and perpendicular to the plane, as seen 
from the earth. This resolution of the residuals is convenient because it keeps the same reso- 
lution into components as is used ia the theory of Hansen. 

It is to be noticed that the elements to be used in computing the differential coefficients 
are the finally adopted constant elements referred to the equator by the proper transformation. 
The. value of r to be used is 

r-.?Cl+v) 
except in the equation 

sin 1= — r .^^^^ sin/ (Hansen's notation) 
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The use of ',/, r and constaiit elementa is eqiuTalent to the nee of osonlatiiig eleotents for the 
given date of obsOTration. 

(10) Sygiea tmuoft-i". 
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COHPARISOIf OF THE RBTISBD WTTH V. mOVL'S ORIOIH AL TABLSS. 

It was originally planned to conclude the example with a least squares solution of the orbit 
on the basis of the observationa used bj v. Zeipel for the same purpose, and to test conclusively 
the relative value of the revised and v. Zeipel's original tables by representing recent observa- 
tions with both sets of elements and tables. 

In the course of the computation doubt arose regarding the accuracy of some of the 
observations selected by v. Zeipel, which led us to reject them and substitute other observa- 
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tioDS. This substitution produced an unfftvorable distribution of the observed places in the 
orbit and the resulting least squares solution was not satbfactory. 

In the meantime, pending a resumption of the least squares solution on the basis of a more 
favorable distribution of observed places,' the following conclusions may be drawn regarding- 
the revised and v. Zeipel's original tables: 

1. V. Zeipel's tables have been slightly improved by the correction of some numerical errors, 

2. A moderate further improvement has been accomplished by an extension of the tables 
in BO far as seemed practicable without a more exhaustive and unwarranted study of the prac- 
tical convergence of the auxiliary series, by including certain terms of higher order and d«gree. 

With reference to the correction of the orbit and the representation of observations by a 
least squares solution, it should be observed that 

(1) A symmetrical distribution of the observed positions in the Orbit is essential to coun- 
teract the effect of neglected perturbations of higher order and degree and of major planets 
other than Jupiter. For the Heevia Group, in general, the mean motions of the minor planeta 
may be nearly commensurable with those of Saturn, Mars, or the Earth in the ratios 3/2, 3/1 ^ 
or 3/5. 

(2) However accurate the initial osculating elements may be, comparatively large redduala 
may remain on account of neglected perturbations. 
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I. O. Lcoschnar. 



____ ipmantatloB of the Mieotad dliatrvatliBU (1B»-U8I} 

i»d wItb tha ori^nal tsblea. (1) After tha cotnotlim of the origlaal aKahtUiig •Isnmiti b* l«it iquaMa loLillon 

. . . _.3^rr._ ,L. _ .t. ^._,. .. ... .j—i i.i__ •— mtherSTlaBdtablM.tha "" ■•'■- 

m, are »iH«nnl«d btr I — . -,,. 

AitraDomlokl Jnunal, V^. U, p. 3T, Na T<8. 
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8b, 


^ 


-- 


w-t 


». 


« 


«. 


ft 


i+M+W-J 






3,2322, 


4.2342 






i- 5- 


.+M+4J-J 






2.T44r 


3.0962 






•r 


c+M-HJ 


0,28 


lotS 


3.8027 


4.77998, 


6.52862 




jV 


<+M+5J 


0.6B6, 


3.S374, 


4. B4342 


6.70347, 




!' 


«+M+W 


0.2S5 


0.8, 


3.4684 


4. 50125, 


5, 27451 




y 


.+M+6J-^ 


as 


8.3; 


2.415 


3. 4823, 


4.2931 




^ 


(+8J+6J 






4.6564 


6.4999, 






I'f 


«+8i)+6J 






4.866S„ 


5.8416 






Iw 


.+8i)+7J 






4.6990 


5.7030, 






!- 


«+8J+8J 






4.0631, 


5,0844 






A' 


<+8*+«J-J 






3.5829 


4. 6352, 






.+8*+7J-i- 






3. 3768, 


4.4540^ 






5" 


- ,+29 


0.6M 


1.422, 


3. 2132 


3.66B7, 


3.9260 




?5' 


- .+2tf+ J 


0.7fll„ 


1.690" 


3. 3777, 


3. 8866 


4. 72168 




>" 


- ,+2a+zi 


0.418 


1,366, 


2.8M 


3.461G„ 


3,8078 




)■ 


- >+2&+ J~I 


9.34 


0.28„ 


2.938 


3. 4714, 


3. 7862 




J" 


- «+M+ 4 






3.5208 


4. 07256 






ih 


- .-1-M+2J 






3.4966, 


4.595S2 






iV 


- «+M+3i 






3. 2416 


4. 6467, 






/. 


- *+M+" 






2.430, 


3.9848 






- ,+4A+2J~I 






3.5*96 


4.19862, 






ft 


_ ,+«+3J-i 






3.3S47, 


4.05994 






n- 










3. 6731 


4.0029, 












2.3^8 


3.2476, 


3.9005 


!' 


,+St+ZJ 








3. 6181, 


4.2122 




f 


t+3e+3J 








3.4072, 


4,4000 




n' 


t+3*+4J 








8.5244 


4.4012, 




s 


(+M+4J 








8.3533 


4,4231,. 


6.2725 


9 


I+M+5J 








3.1780, 


4. 2730^ ■ 


6.1369, 


I" 


.+M+Bi 








4.2775 


5.4708, 




1\ 


.+7*+6J 








4.4061, 


5.8177 




!" 


|.+7#+7i 








3.9296 


5,1605, 




t 


2.+2J+2J 




9.48« 


2.1744, 


2.708 


2.889, 


2.699, 


? 


2*+2#+3J 








1,946, 


2,501 


2.616, 


1'f 


2i+4>!+3i 


8.8„ 


0.661 


2.789, 


3.6813 


4. 1074, 






2.+4*+4J , 




8.90, 


9.599 


1,711 


2.6795, 


3.1726 


I- 


2t+W+4J 


9.2 


0.34„ 


2,618 


3,4962, 


4.0890 




Y 


2(-(-6«+&i 




9.819. 


0.&M0 


2.7821 


3. 7794, 


4.61866 


t 


2*+M+M 




B.663 


0.4646, 


2.5979, 


3.6295 


4.38424, 




*.+M+5i 








1.2340 


2.1166, 


2.7076 


i 


.4-7*+w 








2. 3679 


3.3518, 


4,0687 


1 


|i+7«+7J 








2.1768, 


3.1926 


3.9204, 




(fl-tf,) COS 














1 




0,1021, 


0.728 


2.8978, 


3.4604 


3.7168, 




?• 




].377„ 


2.346 


3.8211, 


4.6762 






5 5" 




1.941, 


2.816 


4.4076. 


5.1971 






ft 




1,364 


2.220„ 


4.407^ 


5. 1971, 


5.7086 




!- 


f+ i* 


9,658 


0.774, 


2,7836 


3.3S40, 


3.6946 




'•^ 


•+ i 


1,863 


2.755, 


4.2546 


5, 0814, 






.+ J 


1,844 


2,642. 


4. 1953 


4, 9770, 






J- l- 


'+ J 


1,170„ 


2.049 


4. 3715, 


5. 1770 


6,6975, 




55^ 


«+ 2J 


L742„ 


2.674 


4,0203, 


4.8468 






)■■" 


f+ i' 


0,716 


1.66, 


4.0809 


4. 8829, 


6.4008 




ft 


«+ i+J 


1.00, 


1.89 


4.3427, 


5,0837 


5,6653, 




lV 


- ,+ J 


1.562 


2.455, 


3.9636 


4,7803, 






!- 


2< 


».80l 


0.43„ 


2.6842 


3, 1493, 


3.4168 




!/ 
5 


2,+ J 


8.367, 


0.473 

9.66, 


2,4548, 
0.42 


3.0830 


3.3936, 




'' 


»+ i 




9.43 


0.32, 









where C„ C„ C, rapreaent the reapective coefficienta. 
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CM 


.« 


— 


V-' 


w-i 


KM 


•J 


>• 


t 


«• 








1.5 


3.909, 


4.900 


ft 6748, 


7,2764 


7.540, 


7,31 


5- 






20 


<.M4. 


5.160^ 


6.160 


a 048, 


a 838 


a666. 


a 100, 


1" 






1.B 


3.41, 


4.76, 


&609 


a 2077, 


a 994 


a 919. 




f 








2.83, 


5.146 


&299„ 


7.994 


a 740, 


a856 




W 


J 




2.34, 


4.4* 


4.67 


6.728; 


a 4022 


9.1999. 


9.0854 


a 079 




20 


1.6 


2.6„ 


5.7M 


6.635. 


8.3811 


9.1031, 


9, 0128 








2ff+ i 




O.S. 


3.068 


5.2988 


7.2212, 


7.3772 


a 0372 


a 764. 


a 668 


iV 


2*+ i 


2.S2. 


3.30 


6.886, 


6.718 


a 5059. 


0.2804 


9. 2017, 






5^ 


2J+ J 






6.301, 


6.149 


&2302, 


0.0164 


a 938, 






f l' 


2J+ i 










8.6592 


9.3245, 


9 2428 






/ 


2tf+2i 


2.48 


S.40„ 


5.422 


R^, 


7.476 


^SSs. 


a 636 






? 


2*+2J 




1.22 


2.94, 


7.6416 


7.083, 


a 645 


a 582, 


15" 


2tf+2J 


1.9 


3.0. 


5.442 


6.328, 


8.0915, 


aeso. 


a 742 






A 


2*+2J 










8.5904, 


9 3489 


9.8024. 


9 6632 




iV 


2«+U 


2.CM, 


3.00 


4.98, 


6.89 


8.0326 


a 1973, 


7.69 






rt 


2tf+ J-J 






4.51 


6.42, 


8.1011 


a 873, 


a 792 






Vil 


2tf+2J-2 






4,04, 


6.001 


6.89, 


aiM^ 


a 168. 






^ 


M+2J 




268, 


2.7 


6.1031 


8.4188, 


a 5297 


6.0 


'A 




i7 


W+3J 




2.72 


4.369 


6,2526, 


8.5594 


&7»88, 


7.94, 


a 210 


y 


«+4i 




2.20. 


4.624, 


5. 824 


8.0924, 


a433a 


7.24 


7.74, 


a044. 


i- 


4J+3J-.; 




1.6, 


2.46 


4.68 


7. 1747, 


7.301 


am 


am. 




!" 


M+3J 






5.301, 


e.149 


9.1294, 


9.7728 


ft6e09. 






15" 


M+U 






6.92 


6.74, 


0.4432 


014644. 


006077 






lY 


M+6i 


2.0, 


3.0 


\a^ 


6.70 


9.2774, 


005298 


9.9494, 






y 


M+6i. 


2.0 


3.0, 


6.292. 


a 634 


9.4351, 


0.360? 






J' V 


M+4J-J 






4.04, 


6.00 


8.272, 


91028; 


9.0S34, 






J'l 


(J-J.) sin 






4.51 


6.42, 


a 0554 


a926. 


asu 






»!' 


J 






2.60, 


4.71 


5.94, 


6.607, 


ftOM 






l' 


2»+ J 




1.36 


2.48 


4.49 


5.255, 


5.61 


6.26, 






5 


2tf+2i 




1.82. 


2.42 


4.64, 


5.360 


6.51, 


6.16 






»^ 


«+2i 




2.34 


3.00 


6.392 


6.179, 


ft628. 


666 






iV 


M+3J 




2.88, 


3.46 


6.702, 


e.467 


ft 851 


ft 979, 






y 


io+ij 




2.M 


3.469, 


6.S67 


6.127, 


6.630, 


6.653 






5" 








2.08. 


2.08 




6.646, 


6.646 






1^ 








2.64 


2.64, 




6.396, 


a306 






Jl- 


i 






2.8, 


2.5 




a 776 


a 776, 






m" 


"" 


m^m" 


m'',m'» 


m^.m' 


wr*,m.' 


m'»,m' 


nt^.m' 


wr*,w 



Digitized by 



Google 



MINOB PLANETS-LEUSOHNER, QLANCT, MVY. 
Tuu (XUII). 



81 





Cm 


.M 


^ 


^ 


«• 


« 


- 








8.72 


9.88, 


1.6349 


21070, 


2.2333 


!■ 




».so 


ft 212, 




2,769 


3,4922, 




V 




8. e 


9.23 




2 937 


3.6296, 




)■ 










2.937, 


3.8296^ 




11' 


J 


O^BM, 


9.78 




3.1136, 


3.8440 






2« 


1.204 


3. 2111, 


3,7970 








M+ 4 




ft 604, 


2.3472 


2 456. 


2.686. 


3,4736 


»v 


2A+J 


0,997 


1.711, 


3.65G9 


4,3103, 






^ 


23+ 4 


0,438 


1.220h 


3.3664 


4,0763, 






J" J" 


M+ 4 






3, 8976, 


4. 3810 






5 


2*+2i 




ft 438 


2,952/ 


3. 2529 


3.0689, 


3.S079, 


»■ 


Zt»+Zi 


0.732. 


1.497 


3. 2410, 


4.0643 






IV 


2a+2i 


0.772, 


1.689 


3. 4136 


4,0723 






fl 


2J+2i 






3.9048 


4.6649, 


4.9303 




W 


iS+34 


O,e05 


1.S44, 


3.4767, 


2 783 






A 


2tf+ i-J 


8,33, 


ft 16 


2.938, 


3,6830 






? !' 


M+2i-2- 


^.W 


lmIo, 


2.0261 


3.2961, 






i' 


M+2J 


ao 


3.6614 


3.6173; 


3. 8147 




!!' 


M+a4 


9.76, 


L6024 


3.7885. 


4.1394 


4. 3110, 




»■ 


M+4i 


9.98 


1-1342, 


3.4007 


3.9091, 


4.1490 




P 


M+3J-J 




«.e4- 


2.306 


2,5427 


2.749. 




V 


M+3i 


0.43S 


1.220, 


4.2676 


4.7993, 






If" 


6i)+U 


1.125, 


1.862 


4.6479, 


6 2324 






Sv 


flj+6i 


1.198 


1.947, 


4.6397 


61768, 






p 


M+U 


0.732, 


1.608 


3. 9457, 


4.6328 






J" !" 


M+4J-2 


9.20 


ft 10. 


3.4099 


4, 1710, 






A 


M+M-/ 


9.7(^. 


ft 66 


3.2601, 


4.0642 






IV" 




.+ tf 








3.4878, 


4.1104 








»+ *+ i 






as. 


2 2106 


2.7179, 


2.919 


f 




t-Y «+ i 








3. 6709, 


4.22m^ 




V 




«+ a+ 4 








3.4507 


4.1296, 




»" 




«+ *+ ^ 








3.G100 


4.1837. 




»•' 




«+ fl+2i 








2. 679. 


3.9270 




1- 




H 


ha*+2i 






ft 08 


3.6873 


4,1471. 


4.7839 


1 




f 


I-3J+3J 






9.6 


3.6727- 


4. 1611 


4.7546, 


V 




r- 


i-M+SJ 








4.6668 


6. 1414, 




ri- 




•- 


hW-Hi 








4.7261, 


6.4067 




»■ 




•■ 


M+6J 








4.2862 


6 0418. 




f 




f 


hM+U-Jf 








3.2S70 


4.0006, 




•f 


-*»+* 






1.086, 


27090 


3.3167, 


3.7098 


1 








ft 88 


2. 1967, 


3.0962 


3.6636, 


'T 


- t+3*+ J 








8.6U 


4,1049, 




lV 


- r+8tf+2J 








4.0863 


3.9122 




f 


- i+Sa+34 








3.8341, 


3. 8118 




f 


-J.+3*+2J-J 








2 416 


3.6926, 




1 


, 




«.Q2 


ft 68, 


2.J43. 


2.082 


2.9161. 


/, 


fH 


2tfH 


i 


0.444 


f&. 


9.0 
3.0688 


2.061 
3.8036, 


2.666, 
4.266? 


2 9477 




f 


2tf- 


-2J 




9.487 


2.1744, 


2 7280 


liOTT?, 


2.976 


5' 


'■ 


2*- 


2J 


0.344, 


1.1143 


%f^ 


a6334 




V 


t- 


2tf- 


2i 


0.026, 


a 828 


2.634 


3.0726 


4.0416, 




i* 


«H 


2*- 


-2i 






3.1265 


3,8806. 


4.3473 




!?' 


tH 


2*. 


-3i 


9.98 


ft 811, 


2.873, 


3.1697 


3.68S6 




??^ 


«H 


■«■ 


-2i 


1.106 


\A 


2.864 


4, 3477, 






Y 


»H 


-W 


-U 


l\. 


2.8000, 


3.6327 


4.0066, 


4.3207 


n^ 


(- 


M- 


^3i 


2.083 


3.0931 


4,4160 






^ 




M- 


h8i 






3.8376 


4,0446, 






f f 




-W- 


hW 


0.267 


a 


3.9421 


4.6972, 






V 




■49-\ 


h4i 


9.19 


2.6366 


3.4317; 


3.9469 


4.2668, 


1* 




■M- 


-U 


ft 774 


LBa, 


3.0934, 


3,7866, 






1^ 




■«■ 


AA 






4.1164, 


4.5647 






j4 


f- 


-W 


AA 


ft46B, 


1.32 


8.861^ 


4.6436 






9V 




■4*. 


hW 






3. 7579 


4.3244, 






W 


•" 


I-«H 


h3J-J 






3,0030 


3.8869, 
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Coa 


^ 


^ 


w-i 


«* 


w 


«■ 


? i 


t-H0+4J-I 






2.4425 


i& 






5" 


t+e0+4J 


9.98, 


0.480 


3.5016, 


4.9952, 




9/ 




ha+5j 


0.296 


0.823, 


3.6369^ 


4.5582, 


5.20KI 




1? 




1-61) +6J 


9.95„ 


0.538 


3.1685, 


4.1334 


4. 8131, 




r 




I-6J+5J-J 


8.B„ 


9.15 


2.114, 


3.0881 


3,7886, 




i" 




■M+bJ 






4.2554, 


4.9349 






n" 




.Sd+%J 


1.320 


2.152, 


4.6657 


6.3010, 






iV 




■M+IJ 


1.228, 


2.003 


4.3995, 


6.1827 






V 




■&0+6J 


0.648 


1.64, 


3.7543 


4. 5812, 






? 1' 




\-Sa+%J~£ 






3.2818, 


4.1442 






A 


*■ 


\-6S+7J-2 






3.07S3 


3.9769, 






1" 


- «+2-) 


0.306 


1. 1007, 


2.912 


3.4958, 


3. 8151 




1!' 


_ ,+2S+ J 


0.490, 


1.3330 


3. 0166, 


3. 7273 


4.3119 




l' 


- *+2i)+2j( 


0.117 


0.982, 


2.288, 


3. 2375, 


3.7892 






- t+2a+ J -I 

- .+W+ J 


9.04 


s-fteT 


2.636 
3. 2197 


3. 2817, 
3.9650, 


3.6568 




l?" 


" t+U+2J 


1.146, 


1.80 


3.0204 


4.2441 






Jv 


- (+4J+3J 


1.005 


1.78, 


3. 6247, 


4.0012, 






7 


- t+4a+4j 


,0.290, 


1.16 


3. 1793 


2. 982 






f Y 


- «+4i)+2J-2 






3. 2486 


4.0585, 






fn 


- ,+U+SJ-I 


9.88, 


0.8 


2.957, 


3.8680 






1 


U- 


h a+ J 






9.0 


2.3863 


3.0704, 


3. Sill 


!' 


«■ 


h a+2j 






9.6 


1.500 


2.3686 


3.1842, 


5 1' 




h3ff+2J 








2.779 


3.7820, 








f-3a+3J 






9.28 


2. 1614, 


3. 0257 


3.6491, 


,' 




hM+M 








1.32 


2.966 




!" 




8tf+3J 








3.3450 


4.1111, 




/ 




S*+3J 








12309 


4.196^ 




5 1' 




■3,»+4J 








3.2994, 


4.1520 




1' 




h6tf+4J 






1.017 


3. Ifll7- 


4.1967 


6.0160, 


1 




6d+M 






0.88, 


2.9688 


4.038C^ 


4.«781 


1" 




h7J+6i 








4.0865, 


5.2422 




!■'' 


;; 


l-7i»+6J 

h7»+7J 








4.1991 
3. 7114, 


5 3823, 
4.9188 




J' 


i<- 


-7*+6J-J 








2.616, 


3.8317 




ii' 
1' 


- .+ * 








3.2411 
2.819, 


3.7872,- 
3.4478 




!-• 








2. 9181. 


3.4813 




1' 


2( 








2.364, 


3.0737 




11 


2(+ i 








2.624 


3.3489, 




1" 


2i+ SJ 








2.207. 


2.975 




)' 


2.+ J+J 








2.620, 


3.2765 




1 


2.+2"'+2i 






8-a, 


1.63 


2.362, 


2.873 


l' 


2I+2S+SJ 






0.5 


1.796 


2.303, 


2.1007 


11' 


2,+W+3i 








1.92, 


2.700^ 






2.+W+4J 




8.7 


B.8 


L6802, 


2.4158 


2. 9867, 


l" 


2.-Mtf+4i 








2.330 


3.1764, 




1" 


2t-M*+4J 








3.1079 


3.9008, 




)■ , 


2,+4J+4i 








2.736 


3.68O9; 






2r-Htf+5i 








2.9881, 


3.8425 




'l' 


2t+W+5J 




9.64 


0.53 


2.652, 


3.6204 


4.3279, 


1 


2.+W+6J 




9.48, 


0.36, 


2.4419 


3.4512, 


4.1892 


V 


2.+8tf+6J 








3.6135, 


4.6784 




11' 


2,+M+7J 








3. 7124 


4.8075, 




l- 


2.+8tf+8J 








3. 2109, 


4.3338 




J- 


2.+8*+7i-J 








2.068, 


3.2092 






.+M+6i 






9.3, 


2!2745„ 


2.0056 


3. 5727, 


«- 


.+-7a+6J 






0.5: 


3.2377 


8.9184, 


1 


|.+7J+7i 






0.3 


2.0542 


3.0566, 


3. 7710 




i.+7S+7i 






8.1 


0.43, 


1.346 


1.959, 




Ctf-tf.)ffln 














5 


i 

2tf+ J 
2tf+2J 


9.66 


0.810, 
9.79^ 


2.7559 

0.54 

0.63, 


3.3S4Q, 


8.6946 
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Loiwfthmlc. 






• 








tJnte-l" 




(^Miln 


»-> 


-- 


^ 


- 


- 


w 


i- 


i 


1.94^ 

i.ora 


0.425 
2.046 
2 614 
1.918, 


2.6070, 
3.6203; 
4.1066: 
4.1066 


3.1493 
4. 3761 
4.8961 
4.8961, 


3.4168, 
6.4076 




1 


1 


h i 

i 
i 

2J 
J 

|-M+3i 


9.36 

i.era 

I.M3 
0.87, 
1.441. 
0.42^ 


0.471, 

2.466, 

2.341; 

1.7S 

2.273 


24824 

3.9671 

3.8942 

4.070S, 

3.7102, 

3.770? 

4.0417, 

0.46 

0.34, 


3.OB30, 
4.7SM, 
4.6760, 
i.8769 
4.5166 
4.6819, 
4.7827 


3.3936 

6.3966, 

6.0908 
6.2643, 




\ 


2,+20+S4 




9.46 
9.52, 


0.11, 
0.04 








•V 


- *+ 4 

{*-*,)» CM 


1.26fi. 


2.149 


3.«2«b 


4.4CU 






V 


1+ i 




9.25 
9.12. 


0.117, 
0.02 












»" 


m" 


m^m' 


«' 


m' 


m' 



where C„ C|, C| r^tresent th« i«ap9Ctiv« coeffiideota. 
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"■ 


«-■ 


iK 


« 


V 


-J-W 

-n' 

2S+ J-W 


1.706 


3.060, 
2.823fi 
2.2831 
3. 1691, 
3.2462 


3.7268 
3.6628, 
2.84S3, 
3.9166, 
3.S608 


V 


«+ e+ J -a' 
t+3$+2J-n' 




3.2112, 
2.6876 
2.2787 
3.3A66 
3.0779, 


8.8644 
S.4163, 
2.6304; 
3.6866; 
8. 3972 




- .- 8-2J'-W 

- t- e- i-u' 

- .+ ff -n' 

- ,+M+ j-n' 




3.1168, 

2.3242 
3.3863 
3.36S2, 


3. 7878 
3.7644, 
3.0060, 
4.1833; 
4.1462 


V 


.+2tf+ i-W 
t+4S+3J-n' 


2.e3« 

2.S 
2.1137 


3.3704, 
2.706^ 
2.1720 
3.1922 
3.0138, 


3.8423 
3.4014, 
2.6339, 
8.7682, 
3.6101 


V 


- .-M-w-n' 

- « - J-D' 

- «+2fl -n' 

- H-M+ i*-n' 


2.7176 
2.7756, 

2.8126 
2.9121, 


3.4868, 
8.6070 
1.6810 
3.4427, 
3.4968 


3.9484 
S.9466. 
2.2463, 
3.7846 
3.SS38, 


V 


4.+M+2i-D' 

t+3ff+w-n' 
t+M-HJ-n' 




2.6068 
1.760 
1. 7610, 
2.9120, 


3.6312, 

2.8U3 
4.0S1S 


V 


-».-M-«-n' 
- r+ e~ i-W 




2.8673 
2.9620, 
2.0669, 

IS- 


3.B468, 
3.9124 
2.7932 
3.4708 
8.6487, 


V 


2H-«+3J-n' 
2t+«-(-w-n' 
2.+M+6i-n' 




1.640 

1.617 
1.206, 


2.781, 
2:21U 


V 


-2.-«-6i-n' 

-2«-M-3i-n' 

-2. -2i-n' 
-2« - i-n' 




2.4012 
2.6241, 
L62g0, 
2.3174, 
2.3614 


3.3634, 
3.4544 
2. 3210 
3.0568 
3.0737, 






1 



■^-JI7p.,5V» «a Aig.+v{^i(c<»«-»J+£iBui«}+e,(c««-',)+e,^«. 
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Om 


«• 


M 


■• 




J+W 
J+W 

2j+n' 


2.9180, 

2.8036 
a 6176 
S.17S4, 


17732 
2.M7S, 

isa 

a»772 
4.26W 


2.81S8 




"*' 1 



Tabu £, (LV.). 





' m 


•• 


V 


^ 




i-n' 

J+W 

d+n' 

Zd+n' 
d+n' 


2.nso 

3.77W 
L9B21, 
S.774i: 
16176, 
5.4680 
3.17U 


8.77S2, 
4.681«; 
2.6473 
4.5420 
4.3017 
4.2688, 


2.8138, 




1 
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Cto 


.^ 


*4 


KM 


«• 




- 








4.360 


5.196fl„ 


5. 7767 








V 






4.766 


6.6599 


7.3732, 


7.7492 




2r 






4.446 


7.1194 


7. 7572, 


ft 0553 




sr 






4.412 


6.8442 


7.5458; 


7.B060 




AF 






4.484 


6.6S83 
6.3^7 


7.3460, 


7.7602 




5r 








7.1490, 


7. 6136 




ir 








6.876 


a 7632, 


7.3134 


Vn 










6.6090 


6. 6325, 


7.4746, 










4.16U 


6.169 


7.0658 


7.889%, 
7.9976, 










3.19 


8.8821, 


7.6078 










a52 


7.0986, 


7,6970 


7.9394. 










6. 1420 


8.359 


7.0722, 


7.4480^ 








4.879 


7.63». 


8.2144 


8.4125, 












t86«« 


8.0894, 


8,9548 


9.6668, 










4.92, 


7.8160, 


ft 6661 


9.2006. 










6.6174, 


7.6056: 


8.4650 


9. 0111, 










6.4248, 


7.4128, 

7.2254, 
6.(1746, 


8.2968 
8.1426 
7.8484 


ft 8561, 
ft7346. 


i 




-J, 








6.8776. 


7.5601 


7.8425, 






-J, 






4.6^ 


8.8815, 


7.4536 


7.^ 






-4 






4.674 


8.6271, 


6.7816 


7. 3174 






-j; 






4.99 


6.7985 


7.4732, 


7.7966 






hi 






6.4623. 














4.606. 


7.1967 


7.8314, 


8.1061 








-*. 






6.0066 


8.2964 


9.1086, 


9.8833 
9.K9e 






-^. 






4.38 


8.0434 


a 8316, 






-i. 






6.6251 


7. S45B 


8.6564, 


9.1558 






-A 






6.6812 


7.6803 


8.SwS 


9.0248 






-J, 








7. 4778 


ft 3544, 


8.9060 






- i« 








7.1190 


40646. 


(6668 


V 


r 
2r 

4r 


4.eM 


4.71 


6.83 


7.8102 
7.7520, 
7.8172, 
7.7132 


ft6260, 
ftl242 

8.2308 




V 










7.1862 


7.9072, 
7. 8679^ 














8.4680, 








4.e6« 


S.8U7, 


S.0013 


8.8270, 
8.7850 
16144 
8.3274 
M627 
8.0050 


9.2073 
9^8236, 
».4iaOb 
9.3006^ 
9.1494, 
9.0106, 




fcV 


^3r+49,+3Jo 








7.354, 
7.5708, 


8.1083 
8.2084 






- /'+4flo+3Ja 


4.616, 


612084 


8.6665, 


&8S38 
9 218P 


anwi; 






r+«,+3J. 








9.2783, 


0.2833 






2r+«,+aj, 








9.0241, 


9.9635 






3r+49,+8J, 








&S480, 


9.7860 






4r+4#.+3J. 








8. 6916, 


9.6434 






6r+4fl,+3i, 








8.6401, 


16128 








m'* 


m" 


n",™' 


m'", m' 


m' 


m' 
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C 


^ 


^ 


^ 


tt* 


» 


•• 


. »»- 


-ir + J, 

-3r + A 
- r t- io 








7.7640 
7.4203 
7.8104, 
8.0479, 


7.8364, 
&3B15 
8.6268 
8.8018 






+ i 


4.618. 


6.880, 


6.70, 










r + i. 








7.1339 


7.8600 






2r + i, 








7.8421 


&4293. 






sr +4 








7.9669 


tl67««. 






u- +4 








7.8760 


& 7676, 




•r 


-3/'+«,+2J. 








6.9002 
7.1638 

8.1800, 


7.6938, 
7.86m!; 

&4016 






«,+2-l. 


a 76 


6. own. 


a 4167 


8.9760, 


9.1661 






r+«.+2i, 








9. 1714 


0.1382, 






zr+Wo+a^o 








8.9358 


9.8333, 






3r+«,+!j. 








8.7718 


9.6681, 






4r+4e,+2io 








8.6236 


9,5372, 




'f 


r 
2r 
sr 
ir 


3.76 


6.7616 


4.7 


7. 8677 
7. 8610, 

MoaS 

8.1638, 


8.6727, 
8.2228 
8.7296 
8.8728 




f 


r 
ir 
sr 
.r 








;:S11: 

7.7920, 
7.63C 


^7337 
&7164 
8.6154 
8.6001 




f 


-2r+«.+si,-j, 








7.446 
7.1868 

7.6176, 


8.1166. 
7.8677. 

7.9693 






«,+M,-J, 




4.804. 


7.168 


3.9368, 


8.3724 






/'+«.+3J«-J, 








7.7887 


&8492, 






2r+«,+u,-2-, 








7.448 


14631, 






8/-+«.+Si.-J, 








7.1976 


8.2026, 






<r+4flo+w.-^. 








&978 


7.99P3, 




»■ 


2»,+2J, 


Gl41S, 


6.292 


7.4754, 


&6636 






V 


»,+»i, 


6.418- 
6.88ir 


6.292 


8.6328, 


9.4361 






Xv 


2»+^: 


6 719. 


8.6069 


8.2804, 






•lY 


2».+U. 


4.974 


6.896. 


8.0326, 


8,1976 






»¥ 


(»,+M. 


6.936 


6 7S0. 


B. 2774 


0.0330, 






Zif 


2». 


6.744. 


6.635 


8. 3811. 


9.1030 






JJ" 


2».+2i, 


645 


6.327 


8.0917 


8.6300 






wi" 


«.+«. 


6.S19U 


6.744 


S.4432, 


0.1464 








2».+ '', 


6aor 


IS3: 


8.2302 


9.0162, 






\, 


es.+sj. 


6 301 


9.1294 


9.7729, 






fiS 


2«-f2i 






8.5904 


^3492, 


9.ap22 




?!. 


2».+ J.-i, 


4.602. 


6.41 


8.1011, 


8.S726 






A 


60o+6Jo--^o 


4.602. 


6.41 


8.0664, 


8.9263 
ft 3245 






f 1' 


2»,+ J, 






&66e2. 






J" !' 


2S.+2J.-2. 


4.067 


6.021, 


6.687 


8.1804, 






f / 


6(?.+«o-^. 


4.067 


&.02U 


8. 2718 


9. 1021, 







te— ujj— .TOCgPij'^j* cos Aig. 



wbent Cnpi«Baiits the coeSdent. 
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C<a 


-^ 


^ 


w-i 


w* 


m 


«rt 










8.81 


L082. 


1.5710 


1.612, 










9.009 


1.231^ 


L5493 


ft9B9W . 










9.31S 


0.931 


1604, 


1,916 










9.207 


1.6478 


2.1070, 


2.2333 










9.7U 


1.960 


2.3426, 


2.3713 








9.1M 


2. 1712, 


2.6678 


2.568^ 












9.230^1 


2.3541, 


3.1493 


3.7107, 










0.220, 


1. 0114, 


2.6867 


3. 1657, 










B.72l£ 


1. 5373, 


23831 


2.8623: 










9.494, 


1.2544, 


2. 1315 


2.6333. 










9.100, 


LOIS, 


1.9034 


2,4248, 


Vt 








9.771, 


1.042, 


i.ses 


2.357, 










0.064, 


1.723, 


2.3616 


2,6814, 










0.318S, 


2.1626, 


2.6961 


2. 0214, 










0. 497, 
L0285, 


2.7787, 


3.0649 


a0993. 










8.2379, 


11223 


a93BS, 






».1W 


9,0*. 


2.617? 


8.2611, 


3.4930 












0.7226 


3.1702 


4.1580, 


4. 9365 










a669 


2.7877 


8.7083, 


4.3605 










0.9436 


2.6117 


a 4261, 


4.0460 










0.5122 


2.2732 


3.2042, 




■to 








0^0434, 


2.0527 


2.634, 
2.6806, 


2.984 
2,9432 




^-zr 






0.3641, 


2.146 


l%\ 


2,744 




#-2r 




9.140 


0.362, 


2.1351 


2,4864, 




t- r 






4164, 


2.3604, 


S-OffiT 


3,6397, 








9.274, 


01436, 










*+ r 






0.3102, 


2.497 


3. 1876, 


3,5978 




^+2r 




9.137, 


9. BIB 


L9006, 


1.0463 


2.8834 




i+sr 






ft465 
ft20. 


iSfe 


2.621B, 
L729 


3.3664 


V 








9.476 


1.327 


1-889, 
2.1506, 


2.2299 










9.781 


L447 


2,5419 










9.811 


2.1070 


2.6309, 


2.8«>9 










0.3489 


2.6095 


2.9557, 


3.0962 










0.9611 


3.3599 


2.7758 


S.9726 






8.76. 


0.1S8 


2.7932, 


3.3086 


3.4526, 












9.961, 


3.3609, 


4.3114 


5.0691, 










0.491, 


2.994S, 


3.8728 


4.4922, 










L0464, 


2.72m; 


3.6067 


4.1945, 










0,678, 


2.4992, 


3.3946 




Y 


r-fr tt 






a848 


2.0766, 


2.712 


2.9697, 








0792 


2.1609, 


2.6968 


2.7976, 










3941 


2.157, 


2.491 


1.51 








9.013, 


248 


2.0456 


IS: 


3.2380 




A- r + J, 






9.901 


2.5^ 


3.6434 








ft886„ 


^618 










i+S t i" 






1664 


1.836 


2.44S 


3.3029, 




■P+sr + J, 




9. 009 


9.76, 


2.1633 


2. 6170, 


2,24M^ 




•P+^r + J. 






9 38; 


2.1064 


2.7194, 


2.9212 




^-K4r + J, 








1.9892 


2.6870, 




V 










2.3144 
2.9638 
3.3102 
3.4970 
3.9465 


2.9730, 
a37S6, 
a6843, 
8.8423, 

3. mo; 








9.95, 


1.U09, 


3.1673, 


3,9296 
3.9144, 

3.51m; 

3. 3121, 


4. 3377_ 
6 0372 
4.6942 
4,3236 




V 


4—2r+Wt+24t 








2.1667 
2,1255 
2.234 
2.576 
3. 1995 


2.7221, 
2.8004, 
3,1304, 
3.3804, 
3. 3325, 






^ •f2fl,+2J, 


0.344, 


L017 


2.689, 


3.4822 


3.9938, 






SS+ r+2fl,+2J. 








2.2430 


3,2839, 






#+2r+2e.+2i. 




9.46 




3. 1612 


3.8424: 
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Cm 


- 


^ 


^ 


w 


- 


- 


V 










2.700, 
2. 817, 
2. 9247, 


3.5481 
S.6251 

8.6905 






#-Sr-2«,-!!J. 




•.69, 




3.0241, 


3.7470 






J- r-Mi-zj, 








3.1364, 


8.6346 






J -2»;-ai, 


0.117 


0.95„ 


2.297, 


2.7856, 


3. 6614 






^+ r-M.-w. 








Z.8912, 


3.5604 






J+2r-!»,-U, 








2.297, 


3.1129 




1.1' 


^-8r+6fl.+M. 

^- r+M.+M, 








2.4885, 
2.976, 
3.6541, 
3.9514, 
4.3903, 


11691 
3.5560 
3.8829 
4.1S32 
4.0037, 






^ +6fl.+IW„ 


0.295 


L366 


3.6361 


4.3301, 


4.6662 






^+ r+(W.+Wo 








4.4006 


6.4966, 






^+2r+69.4-M. 








4.0582 


5.0612, 






i>+sr+M.+u, 








3.8204 


4 8027, 




»!' 


^-6r+2*,+j. 
5-4r+2.+j; 
#-3r+2«.+J. 
*-.2r+»,+j, 
*- r+2«,+j. 








1426, 
2.399>, 
2.410, 
2.701; 
3.2842, 


10684 
10310 
11305 
14602 
18558 






* +M.+J. 


0.444 


1.188, 


3.0669 


17266, 


4.1122 






5+ r+2«,+^. 








2.8541 


15823, 






f+2r+u,+j. 








3.2191, 


17635 




1.1' 


t-br-2e,-j, 

j-«--2»,-i; 

J-3r-2«;-4 








3.1661 
3.2454 
3.3100 


19530, 
19948, 
4.0023, 






#-!r-2»,-j. 




0.93 




13277 


19401, 






J- r-2»,-j. 








3.1976 


14598, 






5 -2«-J 


0.490^ 


t324 


3.0145, 


3.7326 


4.2787 






*+ r-2»,-i. 








13632 


19402, 






5+2r-2«.-j, 








17792 


15224, 




1.1' 


#-3r+2fla 

^-2r+2fla^ 

5- ^+2fl^ 


hSi. 
hSJ, 








12738, 

15858, 
1809? 
1650, 


1847 
10290 
15787 
16429 
17297 






# +2CoH 


3J, 


9. 98 


0.60, 


1873, 


ais 


17980 






^+ r+2flaH 


SJ. 








3^5126, 


4.2866 






^+2r+2fl.- 


H3i. 




9.46, 




3.3438, 


4.1208 




»" 


#-3/'+6fl.+4J. 

J- r+6»,+«. 








L9960 
16112 
3.0666 
3.7934 
4.2260 


17422, 
11949, 
15583. 
17947, 
4.4064 






5 +M+U 


9.98, ■ 


a76. 


3.6017, 


4.1098 


4.3552, 






*+ r+69.+4i. 








4.2862. 


6.3521 






*+2r+6»,+u. 








aoee?: 


4 9249 




i" 


#-5r+2fl,+2d, 

*-ir+2«.+2j, 

#-3/'+2fl.4-2J. 
#-2r+2tf,+2J, 

t- r+2«,+2j. 








2.6018 
1463 
14799 
19376 
3.2833 


10968, 
3.0936. 
12779, 
16294; 
1S982. 






^ +2e.+2i. 


0.026^ 


0.60 


2.634 • 


3.2781 


4.0^ 






#+ r+2tf.+2j. 








3.6607 


4.2381, 






*+2r+2»,+2i. 








3.4629 


4.1701, 




i" 


«-W-2», 

f-«--2»; 

5-2r-2». 

5- r-2»; 








3.0090, 
3.0676, 
10764, 

IS 


17477 
1744K 
16664 
3. 3121 
4.0201, 






* -2», 


0.306 


L127, 


2.912 


3.5491, 


1908? 






0+ r-2ff. 








3.0396, 


16320 






#+2r-2«. 








14706, 


12330 
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Tabis G (LVII)— CoiitJiiu«d. 





Cm 


^ 


^ 


^ 


B* 


- 


,< 


? 










2.006 
2.335 
2.644 
2.718 
2.970 


2.7S06. 
2.981, 
a 1438, 
a2446, 
2.9118, 








8.6, 


9.7 


2.114, 


2.^23 

2.7948, 

2.3824, 


a 4488 




p 










9,6 


2.387 
2.911 














a 3047 














2.938^ 


16294 














a3406. 


a 9330 






; 




0. 6910 


3.1266 


3.8021, 
3.4O70 
3.0472 


4.1894 

4.3178, 

a93oS; 




p 


i-W- 

<j>-zr- 

s6-2r- 








0.732, 
3B 
1463 
2.064 
2.6816 


1086 

2.5146, 
a 0266, 






f I 


9.04 


0.11, 


2.636 


3.3284, 


a 7399 






^+ r- 








3.0572, 


a 6430 






Har- 








2. 9121, 


awoi 




*>» 


^+ 4fl.+4J„ 


0.776 


L65, 


3.1052, 


a 0342, 








^- 4e,-4ifo 


ftM, 


1.10 


3. 18BS 


3.6104, 








^+ Be,+8i, 


0.66 


1.64, 


3.7620 


4.6812, 






■taV 


,i+ 4S,+W„ 






3. 7677 


13244, 








,5+ 4tf,+3J, 


L2W„ 


2.081 


3.1240 


4.1388 








5_ 4fl;-3i; 


1.00B 


1.77, 


3.6366, 


a3660 








^+ 8fl,+7J, 


1228, 


2.093 


4.^80;; 


5.1827 






?o!^ 


^+ 4fl,-Ki, 






4.1166, 


4.5B47 








H «.+2^I 


Lioa 


1.88, 


2.831 


4.1803, 








^- 49.-2J, 


L146, 


L8S 


a0422 


4.0180 








^+ 8tf,+Wo 


L321 


2.162, 


4.H5S 


6.3010, 






^ 


4*+ 4S,+3J„ 
SJ- 4(9,-- Jo 
i&+ 8fl„+5J, 






3.8375 
3. 2197 
4.2563, 


4.0446, 
3.9650, 
4.9349 






Pit 


^+ 4ff,+3Jo-i-, 






3.0024 


3.8634, 








,1- 4fl.-3J„+Jo 


9.98, 


0.8 


2.966, 


3. 8331 








,5+ 8fl +7Jo-Jo 






3.0757 


a 975^ 








,(+ 4e.+4i, 


0.46, 


1.32 


3. 8614, 


4.6436 






Prf 


^+ 4fl,+4J.-J, 
^+ 89,+ej,-^o 






2.442 
3.^486 
3.2S18, 


4.0685, 
4.1441 








iS+ 4fl.+3io 


0.27 


116, 


3.9421 


4.6972, 







S aja 1>-\-C COB it^-ZCvih^^ cos Aig. 
where C repr««ente the coeffident. 



Digitized by 



Google 



IL TABLES FOR THE DBTBRHmATION OF THE PBRTUKBATIOITS OF THE 
HECUBA GR0I7P OF MINOR PLAHBTS. 

DBVELOPHBITT OF THE DIFFBREHTUL EQUAnOHS FOR W ABI) FOR THE THUtS COORIOHATB. 

It would be futile to attempt to give a brief but comprehenBive outline of tbe fundamental 
derelopmente in the tiieory of Bohlin-T. Zeipel which would assist the reader to an understanding 
of the construction of the tables. In broad oatlinea, the problem is the integration of Hansen's 

differential equations for nfz, v, and • - ■ ■■ by means of the method developed hy Bohlin and 

according to the modifications iatroduced by v. Zeipel for purposes of numerical computotion. 
The first divisioD of the problem is the devdopment of functions of ihe partial deriTatives of 
the perturbative function; the second division of the problem is the int^ation of the Hansen 
equations in the form of infinite series. 

For the theory the reader is referred to the original works of Hansen^ Bohlin*, and t. Zeipel*. 
As indicated in the introduction to the first section, unless otherwise stated, the references to 
Bohlin refer to the French edition and are designated by B; references to t. Zeipd are desig- 
nated by Z. Although duplication of material which can be found in either reference is to be 
avoided, our ^perience in attempting to reproduce v. Zeipel's tables led us to fill in certain 
gaps which are troublesome to the reader and the computer. 

The first section of v. Zeipel's theory is concerned with an independent development of 
Hansen's differential equations for 71^2 and v and a repetition of the differential equation for 

— --^r and the introduction of Bohlin's ai^;ument 0, In passing, it is well to emphasize two 

facts: First, the variables t and fused throughout the theory are analogous to Hansen's t andJi 
the dash is unnecessary, for the physically real values do not appear. Second, the constant 
elements a, «, n, e, Q, tareneitiier osculating nor mean elements; they are defined in the section 
on constants of iategration. 

The perturbative fimction and its partial derivstivee are developed in Fourier's series, in 
which the arguments depend upon the relative positions of the disturbed and disturbing 
bodies and in which the coefficients are infinite series in ascending powers of the eccentricities 
and the inclination of the orbits. Hie coefficients in the latter are elliptic integrals depending 
upon t^e ratio of the semi-major axes. 

Since these elliptic integrals are functions of the ratio of the semi-major axes, or of the 
mean daily motions, they can be developed in Taylor's series, in which die given function and 
its successive partial derivatives are expressed for exact commensurability and the aeries pro- 
ceeds according to a small quantity w, defined by w-l— 2;i, where /i is the ratio of Jufiier't 

mean motion to that of the planet and where /t differs but little from »■ These elliptic integrals 

enter the coefficients in all of the subsequent trigonometric series. Hence tdl the coefficients are 
8^ee in w. With some exceptions the terms in w", to, and w* have been used. The develop- 
ment of all functions in powers of w is the essential principle underlying the group method of 
determining perturbations. 

The following pages contain the tables which are, in general, parallel to those of v. Zeipd. 
At the end of sections 2, 3, A, 5 there are brief written comparisons. To facihtate comparisons 
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42 MEMOIRS NATIONAL ACADEMY OF SCIENCES. [Tolmt. 

with T. Zeipel's tables, those numerical quantitiee which are in disagreement are inclosed in 
bracketo. There are also certain mathematical developments useful to the reader. These 
relations are - sometimee taken from t. Zeipel and sometimes supplement bis text. 

Certain simple fuaotions of the elliptic int^rals ti"'", defined b^ Z 19, eqs. (73), (74), (75), 
are tabulated in Table I (of. Z 23). 

Tables H-IVw* (cf. Z 2&-32), giving the partial derivativee of the pertarbative function, 
are computed according to Z 24, eq. (77), by means of Table I and B 184, Tables XVI-XVUI 
and B (Ger.) 182, Tables XH-XIV. 

The elimination of Jupiter's mean anomaly from the aignment gives Z 25, eq. (78), in 
which the coefficients are derived from Table II-JV v? by the formulae given in B 61. These 
coefficients are tabulated in Tables V-VU w* (cf. Z 33-39). 
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w • 2 to g g « <*« ej 



.^^ ' c4 'el eic^olcJ 



^ I I +1 1^1 I I 

" ,J ^ B *= ei •^ N -J r-l' 

I. +1 I. '. + I. I +1 

e c.e. e e g » n. Kg 



CL, CL,Ci, 0,0, 0,0,0, 0,0,0,0, 0,0,0, 0,0,0,0, 0,0.0, 0,0.0,0, 0,0,0,0.0, 0.0,0. 0.0,0, 
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. 





1 


a 


» 


* 


» 


e 




ktr-:±W^^ . 


L 896181, 
1898161 


2. 283141, 
2.283141 


2.163770, 
ZIB3770 


2.006171, 
2.006171 


1.647875, 
1.647675 


1.SK50, 
168260 


1. 61810, 
151210 




Ri^ Fi-i.-n+l ■l-jr' 
R,^n+l.-n-l-n' 


2.S22558 
2.522568 
2.522^8, 
2.622S5S. 


2.683079 
2.B374S4 
2.683079, 
2.937464, 


2.628880 
2.959044 
2:628880, 
2.958044; 


2. 366191 
2.924776 
2. 366191, 
2.924776, 


2.197675 
2.868077 
2. 197675, 
2.868077, 


2.02490 
2.76886 


184B87 
2.66B52 






2.812563. 
2.62255a!: 
2.62S55S 
2.812663 


1024413, 
1024413, 

2.462558 
1 261391 


2.794447, 

ITS- 

1246209 


2.523495, 
1056902, 
1.650833, 
1190606 


2. 197675, 
1001314, 
2. 003967, 
1108846 


2.m6s; 

3.00664 


0.74650„ 
2.8«H1 




kt-lii'if,^ 




149405, 
136728, 














1? 


n-l.-n+2]+»' 


a 30370 
3.30370 

a30370H 




170912 












a^csiii:; 




181842, 
121896 














i 


n-l.-nl-a+it' 
n+l.-n]-K-f«' 
a-l.-n+2J-a-Ht' 


Z72638, 
2.72638 

2.72636 
2.72638, 




2.94112 








1 




S$:::i!]±? 


2. 51624 
2. 61524, 


2.84832 
1S1832, 


2.78196 
2.7S195, 


2.69286 
2.68286, 


2. 68759 
2 68769. 


2.47019 
3.470ia„ 






?;iil::SijS; 

R,^ n+l.-n-l -:.' 


3.26180, 
3.26180, 
125180 
& 26180 


146486. 
162946, 
146468 
162046 


134236. 
166471, 
134236 
166471 


121906, 
166409, 
121906 
166409 


108741, 
163829, 
1 08741 
163629 


2.94903, 
168463, 
2.MW8 
166463 




s 


R,., n.-n+21-he 
S.,'>.-"-21-«' 


149076 
3.25180 
3. 26180, 
3.49076, 


169B98 
169698 
3. 33141. 
1 69134, 

4.36308 
4.18801 


163278 
176576 
2.99523. 
1916S8, 


133224 
17B484 
2.24769, 
190661, 


106741 
176831 
2. 51136 
3. 87001, 


2.77380 
17267S 
2.76863 
181284, 




Ji,Jn.-n+l]-Hc' 
K.3n-2.-n+ll+^ 


^ 


it,., n-l.-nJ-Hr' 

S;:;:i}:::j::; 


4.13780, 
4.13780, 

4. 13780 
4. 13780 




4.52564, 








] 




a;::SlJ±? 




4.eot7a 

4.07416,' 














R,^, n+l.-n +a-lV 
X,., n-l.-n+21-a+«- 

kk-ir-t-r-i 


3.61683 
3.51583, 

151583, 
3.515S3 




1 7B747, 












Si:::iiji? 




11148, 
11148 




10620, 
10520 




2.9231 





_ 


R,.Jn+'l.-n+l-Hr' 
fii.,n+l.-n-l-n' 




19234, 
4.0409, 




4.0961 




4.0774, 




«..,». -n-2]-r 


18736, 
18736, 




4.1593, 
3.6562 




4.3090 
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With these tables we compute tenna of the first order in the mass in Hansen's differential 
equations for the function W and the perturbation in the third coordinate. See Z 7-, eq. (33) 
and Z 8, eq. (39). Ihe first order parte of the equations are expreesed in Z 41, eqs. (82), (83), 
in the form of trigonometric series, in which the coefficients are computed from the fotmnln 
^ven in B 67. These coefficienta comprise Tables Vni-XIVw' (cf. Z, 42-48). 

Table XV (cf. Z 50, eq. (88)) is an auxiliary table of the same type of construction, which 
is employed in the computation of teima of the second order in the mass in the differoitial 
equation for If (cf . Z 53) . 
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HfTBORATIOff OF THE DOTBRBNTIAL EQUATION FOR W. 

With the exception of Tables LVI and LVII all the following tables are coocemed with 
die integration of functions whose coefficients can be deriTed, more or less directly, from tiie 
preceding tables. The terms of first order in the mass, before and after integration, are of the 

where C,., - C^.^., + C,.,.,- w + C,.,.,- w* + ■ ■ ■ (see Z 25) 

and A~'[n+r-iin-8)']t + (n-8)e+in+i' n' 

In the argument A the factor n is always a positive integer; the factors r, 8, i, and i' ore. 

it 
pomtive and negative integers. Evidently, the factor of < is ±-k where it is any positive int^ar, 

and the argmnents in a series are I^Ifl^A. Within the extent of Bohlin's tables all of the 
coefficients can be written in symbolic form from B ISS, XVII, XVIII. In the notation for 
tJie coefficients the particular values of r and a are given, and there remains to be foond only 

the positive value of n, if t^ere is one, for each multiple of -w- 

The following tables present, in skeleton form, any series of the given t^pe. There are 
properly two tables, one for perturbations in the plane of the orbit, and the other for perturba- 
tions perpendicular to the same. The headings J and 2 are defined by 

i-n-n' 
i'-n+n' 

Considering first the tables referring to the plane of the orbit, omitting for the moment 

the ai^umenta bearing the subscripts ±9 or ±a, the argument A for any tenn is read from a. 

let 
main heading ± -^ and the first two columns under this heading. The tabulated numbers are 

the respective factors of d, J, and I. The degree of the factors in the eccentricities is indicated 
in the subscripts p-j in the symbol for the coefficient. Further, when f* — 1 

i n+i'n'-n(n-n')-»if. 

Hence the coefficient of J is also the number n in the proper table of the numerical values of 
the coefficients. For instance, in the function T, (Z 41, eq. 82) we have for one term 

if;.,(n-l.-n)!7sin (» + 45+4-*) 
where F, taken from Table VHI, is Dumerically 

F^.,in- 1. -»)i,_4- - 1514" +5780"w-8976"to*. 
Adding c — ^ to the argument and taking the coeffidents from Table IX, we have also in the 
function T, ff,.,(n-l.-n),^, sin (2<-,&+4tf+4^) 

where ^..^Cn— l.-n)*.*" +452"-1475"«j+1451"«)». 

In this manner the series is built up. 

The coefficients having subscripts ±.9 and ±,a belong to terms depending upon the mutual 
inclination of the orbit planes. They differ from the preceding type of terms in three ways. 
In the first place the subscript signifies tJie addition of ±A and ±i' to the argument, respec- 
tively. Evidentiy, if d: J is added to the argument, the factor of J is not n but n± 1, from 
which we determine n. LasUy, these terms contain the factor f, i. e., within the extent of 
our tables the exponent t is not greater than unity. 

For the tables referring to functions which concern the perturbations in the third coordi- 
nate the same explanations hold, with the exception tliat the additional subscript ±it' signifies 
the addition of ±n' to the argument. 

These tables, in connection with the proper tables of numerical coefficients, enable the 
computer to write a complete series by inspection or segregate any term of given d^ree and 
given argument. 
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Our problem is now the intt^ation of tiie partial diSerential equations Z 7, eq. (33), Z 8, 
eqa. (37) and (39), and Z 9, eq. (47'). 

In the trigonometric seriee to be int^rated the argument is a function of 6, a, ^, J, 1. 
The last two ore constants. According to the principles of Hansen, ^ occurs outside the opera- 
tion. Kumerically, however, it is equal to ;. The ai^ument S contiuns c implicitly. See Z 9, 
eq. (43). Hence we must, in general, write 

n«, 9-) 
and 

S.F hFhF dB 
"ST" d. "^"55 '3; 

In order to set up the partial differential equations from the total derivatiTe, the following 
notation is introduced: 

F{s, 0) - [Fit, 0)] + Fi$, 0) - [Fit, 0)} 

where [Fit, 0)] signifies that part of the function which is independent of a. Again, since e has 
the period of the planet, there can be no secular terms in c (with the exception of the function 0), 

On the other hand, the argument 8 varies much more slowly, and there may be secular terms 
in 0. Hence 



ko 



and may occur outside the sign of integration. 

Owing to the presence of the required function in the differential equation, the inte^ations 
must be performed rank by rank where rank is defined as follows : 

In the course of the developments there arise negative powers of w. Since w is a small 
quantity, these factors increase the numerical value of the terms, or, in other words, they lower 
the order. Therefore, it is better to define order in terms of both the disturbing mass m' and tr. 
For this purpose v. Zeipel makes the assumption that both w and -^m^ are quantities of the 
first order. Order so defined is called " rank," and the word "order" is reserved as usual for 

the powers of m'. The factors —3- ue arranged according to rank in Z 53. 
Any function is then written in the form 

F{t,0)-Fiit,d)+Ftit,0) + F,it,0)+ 

where the subscript denotes the term of loioest rank, for Fi it, 8) contains teims of more than 
one rank since each coefficient is itself a Taylor's series in w. In assigning rank it is to be noted 
that the coefficients in aO tiie preceding tables contain the factor m' implicitly. The implicit 
mssa factor is indicated at the foot of each table which follows. 

On the basis of the fore^ing principles, the differential equation for W, 
dW dWhW 

'^—5r-^-50 • Tt' 

expressed in Z 52, eq. (91), is broken up into four equations, Z 53, eqs. (95, — 954), according 
to rank, and before int^ration they are again subdivided according to parts which contain ( 
and parts which are independent of t. The total derivative is then in the form of eight equivalent 
equations, and the integration can be performed in the following order: 
F,; F,-[FJ;[Wy; F,-[FJ; etc. 

It is possible to avoid the computation ot T^, aa-v^. Zeipel did, by the introduction of some 
auxiliary functions, but we found it preferable to tabulate them. 

Employing Table XYa, and by inspection of Tables VIII, IX, X, XI, T, is written directiy. 
(Thas no terms of first rank.) 
110379°— 22 G 
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-1. + fl+ i 

-}.-#+ »+ i 


- 52 
+ 784 

- 1031 


+ 220 
- 4194 
+ 6051 




!- 




+ 6780 

- 1»2» 

- 8164 


-41683 
+ 13412 
+ 44736 




!!' 


j. +» 


- 768 

- 1166 
+ 1B24 


+ 2821 
+ 6406 
- 9227 




11' 


-}.+«+ »+2i 


+ 209 
- 771 
+ 448 


+ 1404 
+ 3774 
- 6879 




ll" 


1« +M+4i 


-21869 
+ 6126 
4-24664 


+ 86960 
- 19368 
-101260 




,1- 


-1« +M+2J 


-10182 
+ 1576 
+13628 


+ 27638 
+ 2276 
- 43309 




11' 




+ 384 
- 939 

+ 716 


+ 3628 
+ S382 
- 8660 




11' 


4< +3fl+U 

t-^+39-HJ 


+ 3260 

- 1333 

- 3266 


- 10017 

+ 4096 
+ 9163 




n- 


4< +7S+M 
«+(S+7fl+U 


-23414 
+ 7146 
+26146 


+122108 
- 34410 
-133986 




1^ 


-I* +fl 


- 2308 
+ 1640 


- 2821 
+ 10637 

- 7816 




1^ 


4f +M+8i 


-18847 
+ 6936 
+19637 


+122928 
- 37188 
-130949 




V 


.-^+ fl+ J 


+ 761 
+ D06 
- 1920 


- 3383 

- 6387 
+ 9831 




^ 


if +M+3J 


+16303 
- 3577 
-16828 


- 4B964 
+ 7967 
+ 68649 




V 


- . +M+ 4 


+ 1582 
+ 1300 
- 3410 


- 6766 

- 6572 
+ 14260 




</• 


U -6+4 


+ 451 
+ 4M 
-1096 


- 1890 

- 2861 
+ 5381 






■ 


m' 
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as 


- 


' 


«■ 


f 


b +M+M 


- 3918 
+ 1688 
+ 3637 


+ 8760 

- 6289 

- 6391 




rf 


t+*+7»+U 


+ 18292 

- 61M 

- 19280 


- S3098 
+ 20826 
+ 89973 




f 


-btltl 


- 902 

- 988 
+ 2191 


+ 3781 
+ 6721 
- 10762 




f 


|i +M+4J-2' 


+ 634 
+ 87 
- 933 


- 3482 

- 836 
+ 6479 




f 


-}• +M+2i-J 


+ «8 
+ *B0 
- 1060 


- 1818 

- 2806 
+ 6226 




f 




- 1916 
+ 2 
+ 2553 


+ 8929 
+ 1220 
- 13126 




? 


h +7»+M-i 
j.+*+7»+M-i 


+ 488 

- 27 

- 623 


- 3307 
+ 23 
+ 4887 




f 


:y? :1 


- 476 
+ 1141 

- S08 


+ 1965 
- 6636 
+ 2916 




f 


I* + e+2J+i 

'-4'+ 0+2J+I 


+ 1282 

- 90 

- 1620 


- 6447 

- 384 
+ 7647 




f 


U +M+6J 

Utntn 


- 1644 
+ 222 
+ 1838 


+ 9111 

736 

- 11413 




f 


lifiKliEl 


+ 3W 

- 42 

- 364 


- 2460 
+ 266 
+ 8018 




f 




- 1966 

- 86276 
+ 3312 

- 6097 
+ 6177 
+ 45199 


+ 14862 
+ 189348 

- 2S724 

- 4328 

- 16310 

- 304996 




fV 




+ SIS 

- 3730 

+1^864 

- 9270 
+ 4207 
+ 6323 

- 13730 
+ 22898 
-200024 


- 33647 
+ 1683 

- 673242 
+ 61612 

- 28940 
+ 66061 
+ 9080 

- 84426 
+1218446 




n^ 


2« 


h2J 

2i 

KM 


- 3268 
+ 3446 
-190*67 
+ 12782 
+ K39 
+ 2712 
+ 4409 

- 62183 
+294332 


+ 14164 
+ 16177 
+ 772693 

- 78712 

- 36126 

- 60686 
+ 41693 
+ 143461 
-1600036 








m' 
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Sin . 


». 


w 


*• 


5" 


2fl+ J 


+ M79 


- 17883 






M+3i 


+ 83314 


- 283600 






^ +i 


- 783B 


+ 47423 






-^+40+ i 


+ 6634 


- 36904 






^+4fl+3J 


+ 27512 


- 44330 






^+M+M 


-144023 


+ 688668 




?^ 


2tf+2J 


+ 10709 


- 60726 






2fl4- J-i" 


- 1732 


+ 8521 






6fl+W-J 


- 7799 


+ 60227 






■P 


- 12782 


+ 78712 






} + J+J 


+ 11006 


- 60629 






H-«+3J-^ 


+ 4022 


- 29208 






-#+«+W-J 


- 3816 


+ 27236 






VH-4C+4J 


- 28408 


+ 176062 






^+M+7i(-2- 


+ 9626 


- 75678 




p ^ 


2tf+ J 


- 7475 


+ 36068 






2S+2J-J 


+ 169 


- 2967 






M+«-i- 


+ 11564 


- 66719 






# + i 


+ 11762 


- 76153 






1* +J 


- 6024 


+ 38182 






-^-Mff+W-i" 


+ 7090 


- 45771 






^+4ff+3i 


4- 35006 


-. 199168 






^+4S+«-i- 


+ 1108 


- 281 






(S+M+GJ-J 


- 16308 


+ 111481 








mf 



An inspection of the preceding table, which is typical of all the trigonometric aeries onder 
consideration, shows readily that any function of this type is of the form 

i"4'sin ff' + i"tsin {K±4')~£lc' fiva ^ + Jisin K KXta 6 ± lie cos Kan. A 
or 

IV cos K^ + Ilecoi {K±4))'~Ik' cm ^ + i'itcos iTcos ^JT-Ttsin Kan ^ 

or.more briefly, 0+6 cos + c sin ^ 

wherea, h, e are trigonometric series and can be written by inspection from the tabulated function. 

Hence, in v. Zeipel's notation (Z 54, eq. 96), 

Tt~Xt+ Yt cos ,p + Zt sin ^ 
and the Int^ral may be written 

WfXt+yt cos ip+Zt sin 4> 

The functions IT and W are to be used in this form in solving equations (95). 

Considering only first order in the mass in T 

r,-Xj+ y, cos ^+Z, sin 
X,-i"it'8in ^'; Yj^Ilc an K; Zt-±£Je COR K 
or, Xj is the pait of Tj which is independent of i/i, y, is a trigonometric sine series having the 
same numerical coefficients as the part of T, which contains <l> in the argument, but in which 
tfi is omitted from the argument, and Z, is the corresponding cosine series. 

Considering the first two of the eqs. (95), the first one states that Tf,isnot afunctionof s 
«^°^«' or- W. - 1 TPJ = ; F, = [ FJ. 

Making use of this fact in the second, W, can be obtained from (95,). (See Z 54.) Introducing 
the auxiliary functions if>, and u„ defined by (99) and (101), the difierential equation for W, is 
replaced by the equivalent differential equations, (100) and (102), for ^, and «,. 

The series [XJ-,[YJ 

*"<* [yjcos^S + rZJsin^fr , 

can be written by inspection from r„ or, better, the integration itself can be performed in part 
at the same time. 



where 
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The fmiction 0, is given by Z 59, eq. (103), or, 

♦.-«.-^J'(ixj-,tyj)ai-|ijJ'([xj-,[yj)d»j'+ijJ'([:rj-,tyj)<i9JV.... 

From Uie table of T„ page 82, it is not difficult to write immediately 

^'iiXi-,i\Yi)3.e 

The terms of higher order must be obtained by the usual method for the mechanical multi- 
phcation of series. A loganthiijic multiplication is the most direct. 

In each term in the expression for ^, the terms of lowest rank must be of the first rank. 

Recalling the tabulation of factors in Z 53, w, —r --3-1 — r> etc.,areallof firstrank. But the 

coefficient for a given argument consists of three terms in ascending powers of w. Hence 
^, — w, within the limits of the given tabulation for T„ is of rank 1, 2, 3 for each order in the 
mass. Table XYI, giving ^ — w, is tabulated with double headings. The three subheadings 
indicate the expansion of the coefficients in a Taylor's series and the main headings g^ve the 
factors in the development of the radical in Z 59, eq. (103). 

Having found ^„ its reciprocal, *,"', inclusive of first order in the mass, is given by 



*"-\-M •'^■'-'[^■"■^ 



The second term is tbe n^ative of the firet three columns of TaUe XA^ multiplied by vr*. 

The product of 2^~^ and that part of T, which contains ^ gives -^, and integration with respect 

to 9 gives Vi, tabulated in XVm. The function u, is of first and higher rank because the factor 
4,~' is of rank minus one and T^ is of second rank. 

Prom Table X\iii y, can be read by inspection, and ijy, added to Table XVI gives z,, 
tabulated in Table XVII. The function TT, is the sum of Tables XVH and XVm. 

In the int^;ration those terms whose argument are independent of d are of the nature of 
cooatante. In accordance with the condition that there may be secular terms in d, the integral 
contuns such terms as the following: 

d-itsin (^+J). 
As the constant of int^ration 

is added. Hence the integral contains terms such as 

Ca-^o) A:sin{^ + ^, 
where % is the value of d for the time f = 0. 

In passing, it should be noted that, in order that the ^passion of Z 56, eq. (103), shall 
represent the function, we must have 



|i,J'([xj-,tyj)dtf| 



< 1 



and this condition should be tested for a ^ven planet before applying this method of determining 
the perturbations. 

To the computer the extent of auxihary tables, the arrangement of series in logarithms or 
natural numbers, in seconds of arc or radians, inclusive or exclusive of numerical factors, and 
foresight in combining operations— all these are of the greatest importance. But considerations 
of this kind would carry the reader into complicated details which are beat left to the com- 
puter's own judgment. 

On the other hand, general considerations about the extent of the published tables are of 
importance in the discussion of the accuracy of the final tables. Yet, for a given limit of 
accuracy, it is so difficult to determine, for each table, the highest powers of m', w, 7, ij', and f 
tiiat little or nothing is said about it in connection with individual tables, but the discussion 
b reserved until later. 
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Tabu XVI. 
*j-w-Xi-nyi-[(l-*<xa*)Wi] 





Cm 


^ 


«-. 


^ 




w 


• 


- 


«. 


m 


■• 


w* 


- 


.' 










-0.0460 


+0.231 


-0 62 






V 










-0.0060 


•f-0.040 


-0.127 








d 








+0.0331 


-0.196 


+a63 








20 -2J 


+ 42.8B9 


- 107.72 


+ 106.7 












V 


a J 


- 16.127 
















?» 






+ 484.1 


- 813 












w 


46- -ZJ 


+ 367.76 


- 1183.5 


+1660 


+0.0331 


-0.195 


+0 63 






V 




















J* 




- 14. 76 




- 164 












%» 


28- -TJ 


+ 28.2 


- 433 




■Ht-2e2 


-1.70 




+O.0OOS 


-0.0022 


? 


U-tJ 


+ 428 


- 2296 




-H).262 


-L70 




+0.0001 


-0,0008 


Jv 




-316.1 






-0. 767 


+4.46 




-0.00021 




?Y 


2«--Si 


+ 108.6 


- 49 




-0.094 


+0.69 




-0. ooon 


+0.0009 


f/ 


60- -M 


-188S 


+ 8902 




-0.86 


+6.2 




-0.0001 


+0.001 


?5^ 


89 


















s^ 


2»--U 


- 126.3 


- 662 




+0.276 


-L86 




+0.00008 


-0.0009 




W--4i 


+2770 


-11237 




+0.8S 


-4.7 








T^ 


2«-- J 


- iee.7 


+ 867 




-0.200 


+L21 








?^ 


W-M 


-1348 


+ 4681 






+L21 










2tf. .2J 


- 389.4 


+ 1846 


-4498 














2»- ■ J-J 


+ 126.0 


- 620 




-I-0-032 


-0.23 




























j" V 


29-. J 


+ 362.4 


- 1749 
















29- ■2J-X 


- 7.7 


+ u* 




-0. Oil 


+0.09 








p \ 


M-H^-J- 


- 187 


+ 1078 




-0. Oil 


+0.1 












m' 


m'» 


-. 1 









«i 








Dnit-l". 






" 


w 1 








- 


»' 


«• 


•* 


«■ 




2«+2i 


+ 1179.6 


- 2963 


+ 2936 








v 






+ 1081 










/ 












+ 4.8 




? 


40-HJ 


- 3368 


+ 13313 


- 22366 


- 1.27 


+ 6.4 




!»' 


i 








+ 0.68 






ir 


U+3d 


+ 8609 






+ 0.79 


- 4.7 














- 0.12 


+ 0.8 




!" 


4S-ii 


- 5341 


+ 14176 


- 16063 


- 0.12 


+ ft8 




f 




- 304 












S" 


V- '2i 


+ 1966 






+ 7.2 


-46.6 




f 


w. ei 


+11768 


- 63112 




+ 7.2 


- 46.6 




w 












+ 88.0 




3v 


28- U 


+ 3730 


- 1691 




- 3.8 


+ 27.9 




K- 


69- .U 


-47616 


+224423 




-2L7 


+130.0 




!?" 




+ 3267 












;?" 


29+2J 


- 3446 


- 16176 




+ 7.8 






11^ 


M+U 




-267633 




+19.0 


-108.1 




rt 




+ 1733 






+ 0.4 






?1 


M+iiJ-X 


+ 2699 


- 16744 




+ 0.7 








2e+2d 


-10709 


+ 60748 


-12S706 








V" 


21+ J 


- 3470 


+ 17880 




- 4.1 


+ 24.0 




J" 










- 4.1 


+ 24.9 




f if 


M+2J-J 


- 169 


+ 3966 






+ L9 




f J' 


M+4J-J 


- 3866 


+ 22240 




- 0.2 


+ 1.0 




p 1' 


26+ J 
(«-»,) in 


+ 7476 












1'/ 


J 


- 670 


+ 2421 


- 4960 


- 0.46 


+ 2.7 


-7.2 






m' 


m'' 1 
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On 


- 


•^ 




w 


" 


- 


»• 


« 


•^ 


V 




+ 2M.89 
- 839.5 
+ 1229.8 


- 740.6 
+ 3328 

- 4069 


+ 734 
- 6686 

+ 6671 


- 0. 316 
+ 0. 114 


+ L69 
- 0.67 


- 3.6 
+ 18 


I 




+ 398 
+ 978 
+ 2940 


+ H94 

- 7431 

- 15782 


- 9361 
+ 23106 
[+ 37112] 


- 2.62 
+ 4.42 
+ L80 


+ 16.8 
^28.4 
- 11.7 




% 


#+29+ 4 
#+M+5J 


+ 2068 
+ 1*92 
3 22B0 
- 8668 


- 10682 

- 677 
+ 11302 
+ 40793 


- 39010 

- 1309S 

- 28348 

- 83730 


+ 6.18 

- L91 

- 6.67 

- 3.96 


- 86.9 
+ 13.6 
+ 32.8 
+ 23.6 




p 


-#+M 


- 1634 

- 861 
+ $349 


+ 7081 

- 3794 

- 26753 


- 16199 
+ 22127 
+ 45318 


-4.04 
+ 2.12 
+ 1.90 


+ 2L4 

- 14.4 

- 10.8 




1 


JHr^ 


- 866 
+ 280 
I 2677 


+ 4260 
- 1674 
+ 12681 


- 109S8 
+ 6101 
-30930 


- 0.22 
+ 0.07 


±iS 




1 


5+M+W 


+ 2649 
- 3089 
-1J300 


+ 2164 
+ 8186 
+ 76260 




m 


+ 70 




i 


#+49+3J 

-#-|-W+U 

#+M+7J 


~U449 
- 2661 
+ 6865 
+60006 


+ 42212 

- 27630 

- 4640 
-304611 




+ L9 
[+33.8] 


- 28 
-241 






#+4ff+4J 

-MS 


+28091 
-1366 
- 2204 
-7368S 


- 71730 
+ 30293 

- 20846 
+400009 




-10.1 
-25.6 
+28.0 
-418 


-163 

+284 




.^ 


#+M+W 


-13766 
- 3317 
+36006 


+ 22166 
+ 18462 
-172164 




+10.1 
-12.1 
+16.6 


~ 66 
+ 64 
-104 




S 


#+«+W-J 

#+M+7J-J 
t»+'U+4J 


- 2011 
+ 1808 

- 2381 
+11204 


+ 14604 
- 13617 
+ 18919 
-88026 




- L» 

'it? 

+ 5.7 


+ 14 
1-42] 




n 


(0-0.) dn 


- 654 

- 3646 
+ 3827 
-17603 


+ 140 
+ 22886 
- 27870 
+ 99664 




+ 0.6 
- L8 
+ L3 
t-3.7] 


- 4 
+ M 

- 11 
(+28] 




5 


l> 


+ 767.72 


- 2820.9 


+ oao 


+ L266 


- 6.35 


+14.3 


V 


* +i 


- 66Bl96 


+ 242L1 


- 4960 


- 0.466 


+ 2.69 


- 7.2 


!- 


t 


+ 6634 


- 47448 




+23.8 


[-22L9] 




?^ 


4 %'^ 


1-18640] 
+ 8414 


[+123024] 
- 57880' 




-73.4 
+36.0 


+672.4 
-282.2 






t +- 


+10478 
+26664 


- 70260 
-167424 




+66.2 
+87.3 


-374.8 
-6W.8 




•i" 


* +i 


-16678 


+ 94846 




-69.9 


+438.6 




S 


^ + -i+x 


+22012 
-26664 


-121268 
+157424 


+359162 
[-611232] 


+ 9.9 
-2a 1 


- 77.0 
+166.0 




5';; 




-12048 
+23624 


+ 76364 
-160306 


-261640 

+498328 


- 6.2 

+14.8 


+ 46.8 
-112.0 








m' 


m" 1 
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After tiie determmation of W„ the ftmction 11^— [WJ is obtuoed from the sotutioa of 
Z 53, eq. (95,). The integral may be written as in 2 63, eqa. (105), (106), or, quite as simply,. 
as follows: 

W,'~ - Jj^(l-« cos iKvj+ F.)-|[(l-e cos ,){w+ %)]f^ <2t 

The function W^' is pven in Table XIX. 

Anticipating some later developments, for which we shall need 

[(l-eC03£)W] 

the function 

[(l-ecoB*)lr,'] 
is tabulated in Table XX. 

ThedeterminatJonof[Trj may be accomplished according toZ65,eq. (108)— Z67,eq. (116), 
or in the manner outlined below, which we r^ard as preferable. 

Repeating Z 65, eq. (107), 

-[(i-«co8oj(w+w;)^J(j;-[rj)&+^'J'(r,-[rj)d*j]+2[rj 

in which all the known parts are contained on the right-hand Eude, the development of equivalent 
equations proceeds in a manner analogous to that for TT,. 
Writing 

r,-X,+ y, C08 ^ + Z, ein <p 
and introducing 

and equating parte independent of 0, coefficienta of cos ip and coefficients of sin ^, the three 
equivident equations are: 

-[(1 - . <K>s .) (i» + V,)^j(X, - [XJ)<i.]-[(l - « COS £) |'( T,-l rj)<I.]^ + 2[ZJ 

-[(i-« COS .)(«)+ ll',)^J(y,-[yj)ih]-[(]i-e cost) f(j',-[rj)i<]^+2iya 

-[(!-« COS (t»+ F,)^J(Z,-[ZJ)ci.]-[(I-e COS <) JoWiy)*]^ + StZJ- 
Multiplying the second of these by i) and subtracting from the fii^t: 

-[(i-e cos <)(«.+ ir,)^J{jr,-,r,-[x,-,yj}(j.] 
-[(!-« cos ,)J(T,-[r.i)i]^+2[jr,-,rj. 
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Multaplying the second by cos <fi, the third by sin ^ and adding; 
♦,^(u,-»»,)- -♦,+|[(l -e cos .)( F,-is,)(Tr, + 5S,)]^ + 2([yj CM # + [2J siu #) 

-HI-* COB .)(«>+ TO^J { y. <^ #+Z, sin (P-Cr, co» (f + Z, sin fl)cii] 

-[(1 -« cos .)J(r,-[rj)i.J^ 

in which 

tt,-[T/J C08 ^ + [sj sin ^ 

«ad [XJ, [yj, [Z,] are read by inspection from T^, which is to be determined as foUoira: 
If Z 50, eqs. (89), (90), are written in the form 



-8 ))* COB (i-^)+25 cos {2s-(f)+25 cos^+ 

then Tw and 7^,, ^ven by Z 49, eqs. (84), (85), in connection with Z 50, eq. (87), are given by 
TT?--r,-4{l-25coe«-co8 (f-^)+^ cos (2j-^S)+5 cos ^+ } 

r',-{3 + 14i]*-8i)Coa< + 2^cos2«-?co9 C«-^)-8i)» cos (*-^) + 25Cos (2«-^&)+27 coe ^ 

+ }XS,.,(?i+r.-»+8)i,Vi«9in^-|a-w)^ 

and T, (Table XVIIIo) is computed by Z 53, eq. (94), in which 

S— a:+2)R/, S^— i( + 2))j/« 
The foDction 

is tabulated in Table XXI; the function 

«,-[i/J cos ^+[3j sin ^ 
is Ubulated in Table XXII. 

From the latter [y^ can be read by inspection, and jj[y^ added to the former ^ves [x,]. 
Finally, (Table XXHa). 

nf,]-[aJ + [!/J cos iS + [zJ un ^ 
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«. 


»-■ 


! 




.. 


" 


«»• 




« 


«• 




-<+* 








+4 330 


- 2.01 






« +20+2^ 

2.-#+2»+2i 
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In the construction of Tables XXI and XXH it is neccesary to cbmpate 

as one factor of a product, but the more complete' tabulation is best arranged as foUows. This, 
function gives all of the terms of the first order in the mass in 1^— [ITJ. Let 



W,"~j{T,-[TJid, 
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and denote first order terms in W,-[Wt\ and W^-[WJ by W," and W/', reapectively. 
Then because of the dmilarity in the equationa for these functions of succeeaive ranks, the 
sum 

W;"+F,"+F/' 

can be compated by Z 70, eqs. (117), (118), (lid). The coefiSciente P, S, B are tabulated in 
Tables XXTTI, XXIV, XXV. The mass factor m' is, of 'course, implicitly contained in the 
tables. 

Eliminating the distinction between ip and c, the function is 
W/'+ W,"+ W/' 

in which the coefficients Jp^, determined by Z 71, eq. (121), are tabulated in Table XXVI. 

The coefficients A^^ in the function 

(1 - e cos () ( if," + W," + Wt") 
are computed by Z 71, eq. (123) and are Ubulated in Table XXVH 

By means of Table 3CXVn we readily compute 

[(I - « COS <) ( W^" + W," + IT/')] 
tabulated in Table XXVlll. 

Proceeding now to the determination of 

[(1 -ecf»t)W^ 

(from which we shall subtract [(1 — « cos) ^"]f already included in Table JULVili), we have 
by Z 53, eq. (95) 

|(Tn-Ii*y)-(r.-[rj)(i-ecoB.)(«.+ w;)^-i'?^{(i-«co8.)(w;-«»TPi) 

;-|(l-«coe.)(ir.-|^.) (Tr,+|3.)- [(l-« coe .)(tr+ F,)^] 

;-[ci-«coB.)(Tr.-wff;)i-|[(i-«coflO(w;-gS.)cw;+|^,)]f 

in which all qiiantities are known. The int^rraUon ^ves W, — [ ITJ. 

Having computed W, — [IfJ, (ITJ can be obtained from Z 53, eq. (95). 

[(1 -« cos i)(w+ F.)]^+[(l -e cos.)[W'JI^-2[rj-[(l -« coa <)(ir,-«.F;)^] 

+ [l-eco8!.)wFj^-[a-« COB «)(«.+ F;)^(W,-tFj)l-[(l-ecoBf)(X-n^)]^* 

The function [TJ, computed from Z 53, eq. (94), is tabulated in Table XXVUIa. 

In a manner similar to the development of equations for IT, and [ W^, the right-hand side 
of this equation, when computed, can be segr^ated into portions independent of ^, terms 
multiplied by cos ip, and terms multiplied by sin tp. It is of the form 

A+B eoBtp + Cmnip 
where A, B, C are too complicated to be written analytically, but con be written by inspection 
after the computation has been performed. 

The equation con then be written in the three following equivalent equations: 



in whidi we define 
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From the fint two equations we compute 

Let ^ 

«,-^J COB + [2j sin ip. 

Then from the eecond and the third equations 

«»- r^r'p COB ^+C8in^-(*,-w»)-^W 

By inspection of v, the function [yj can be written, and i;^J added to [^-ig[!/|] gives [x^. 
Fina^jr, 

[ Wy-[zJ+[yJ COS ^+[«J sin ^ 
•mi _ 

[{1-«C06.)FJ 

IB readily cfonptited from TT,, which is tabulated in Table XXVlIIt. 

But this function contains [(1 -« coa t) W,"], already included in Table XXVUI. By Z 69 

t(l-*co6<)1P/^--|[(l-ecoB<)Jj(l-ecoflO^'-I(l-«coa<)^^jd.] • 
Subtracting Table XXVUIe from [{1 - e cos i) ITJ ^e have 
Kl-«coaO(f',-F,")] 
which is tebnlated in Table XXIX. 
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Tabw XXVIII. 



Vatt-nbOaitaaialai 





cw 


*• 


- 


.. 




J 

20+ 2i 
20+ i 
40+ 4J 
40+ 3J 

40+ 2J 
4fl+ 3i-J 


- 4.1829 

- 6&61 

- 8a 96 
+ 83.96 
+134.0 
+ 70.842 

- 42.107 
-346.88 
+876.64 
-614.64 

- 81.87 


+ 12.406 
+ 847.B 
+ 4111 

- 413.1 

- 714.2 

lt£?| 

^406.5 
+ 273.1 


- 1&&8 
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Takim XlVnia. 
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-L2100 
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-L846 
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Tabui XXVIII6. 



Unit-4tli dacfsul of ft i 
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+a 00038 
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. +2fl+2J 

2i-#+29+2J 

#+2fl+2J 
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-a 00023 


+0.023T 
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+0.0726 


-ft 16101 
-0.0318 
-ft 4607 




+ 13.16 

- a 81 


-30.86 
+ L31 




2t +44+U 


+0.00004 
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+0.0153 
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-14.38 
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+0. 13S4 
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Tablk XXVIIIb. 

I(1-«CM.)W] 

Unit- tth dadBul €l m ndkn. 
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1 
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26+ A 


+80:78 
-SftST 


-152. 8 
+ 818 




m' 



Tabu XZIZ. 

[(l-«cai«)(T?,-TPi")I 





Cot 


«t 


,- 


1 


«»• 


« 


- 


" 




- 


V 
V 


2e+2J 

26+ J 

20+2J- 
28+ J 


-0.00004 


-M). 00038 


-0.0032 
+0.6106 
-0.62a! 

+0.0092 
-0.0060 


-0.0005 
-3.0290 
+3.468 

-0.0072 
+O.00M 


+1116 


-30.9 






m" 


«- 


"' 1 



These developEaeate cover the fuocUon TT within the extent of oar tables. This doee not 
mean that 1^ is always inclusive of all these terms, bnt that these terms occur in one or more of 
the tables. With the exception of [(1—e cos c) W], which contuna ^— ^t", Wis to be under- 
stood to mean ^_ ■,y,+ W/ + [W^ + iW,"+ W,"+ F.") 
*"** F- W,+ W,'+rW^ + {W,"+ W,"+ F."). 
The ascending powers of w, i}, i)', j* ore selected independently in each function. 

Toavoidalongserieswhichisonalogousinconstnictionto TfithefuncUon Wt"+Wt"+ W/' 
is not t^ulated. The sum of this function and Tablee XVII, XVHI, XIX, XXILi ^vee W. 
Since Wis so long and we only need W, it is not tabulated. The fuoction 

is given in Table XXESo. " *" 

It is convenient to collect here [(1 — « cos c) W\, which is required later. The funotaon is 
given by t^e sum of Tables XVI, XX, XXI, XXVm, and XXIX, and is tabulated in Table 



We ^haU also need the function S 

2 = i + 2w=E,+3,' + [2J + (^"+V + V) 
Evidently S can be written by inspection if If is tabulated. If the double headings are retained in 
the construction of 3 the mass factors and ranks are expHcit as in the construction of T1^, If IF 
is not given, we can write by inspection H, (previously required in the computation), 3^' and 
[3J f rom W„ W^', and [W^, respectively. The remainder, namely, ^"+E," + E4", can 
be written from F," + F," + F^", i. e., by inspection of Tables XXm, XXIV, XXV. The 

function » 2 is given in Table XXIXc. 
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Tablb XXIXo— <]oiitmued. 







r. 


1 






^ 


• 


- 




« 


- 


l- 


- 1+40+44 
,+69+U 


+ 2MD 
- 9089 
-11300 


+ 2104 
+ 8166 
+ 76260 




-U.9 

+ ag 

- 8.9 


+ 70 




sV 


t+iO+BJ 
.+8tf+TJ 


-11449 
- 2661 
+ 0866 
+60006 


+ 42212 

- 27630 

- 4640 
-304611 




+ 1-9 

+36.4 
-2a 8 
+S3.8 


- 23 

-241 

i5S 




I'f 


- i+«+2i 
I+U+6J 


+26091 

- 13S6 

- 2204 
-73683 


- 71730 
+ S02W 

- 20846 
+400009 




-1ft 1 
-25.6 
+28.0 
-4L9 


+ S3 

+163 
-153 

+284 




^ 


t+W+W 


-13756 
- 3317 
+30006 


+ 22166 
+ 18452 
-172164 




+10.1 
-12.4 
+10.6 


- 65 




fl 


t+8ff+7^-J 

t+49+4J 


- 2011 
+ 180S 

- 2381 
+14204 


+ 14804 

- 1S6J7 
+ 18919 

- 88026 




- L9 

±1', 

+ 6.7 


+ 10 
- 42 




f J- 


t+4a+u-j 

- t+49+24-I 

M+ee+dJ-i 

(*-#,) an 


- 654 

- 3H6 

+ 3827 
-17603 


+ 140 
+ 22886 
— 27870 
+ 906B4 




+ ft6 
- L8 

til 


ill 

+ 38 




% 


2ff+2J 


+ 767.7 


- 2820.9 


+ 5210 


+ 1,266 


- 119 

- 6.34 
+ 0.78 

- a55 


+13.8 
+ 14 


•f 




- STftO 


+ 242L1 


- 4960 


-0.466 


+ L63 
+ 5.94 

- ft 58 
+ ft 41 


-ILO 
-87.8 


•f 


49+4J 

,+2$+2J 

- t+W+2J 

2t+*e+*j 










+ 1ft 93 

- 2.19 

- L92 
+ S.12 






48+iJ 


- 670.0 
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+ 2421.1 
- 47448 


- 4950 


- ft466 
+23.8 


+ 5.94 
I 23.00 
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- 7.2 


(V 


- ,+ J 


-18640 
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+123024 
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tV 


.+ W 
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-157424 
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+87. S 
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-874.8 
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+4S8.6 
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+22012 
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-611232 
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-23.1 
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>+ 2 
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+23524 
-12048 


-160306 
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+ 46.8 
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- ft 366 

+ ft 206 


+ 2.62S 
- 2.100 
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Tuu XXIXo— Contiiiued. 
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- 0.39 
+ 8.037 

- 4.046 
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Tablb XXIXe. 





Cos 










1 




«• 


- 


- 


- 


»i» 


- 


»• 




.+Zff+2J 




- 90.5 


+ 302.7 


- 478.2 










2.+49+4J 




- 26.6 


+ 128.5 


- 270.3 








9 


2fl+2J 


+ 689.8 


- 1571.9 


+ 1680 






+ o!42 


+12.00 
- 2.10 




I+«+4J 




+ 616 


- 3638 


+11175 




-0.42 


+ 2.10 




2t+2fl+2i 




+ 23 


- 161 


+ 439 










2.+M+U 




+ 219 


- 1451 


+ 4618 








v 


2fl+i 


- 106.1 


+ 360 


- 617 






+ L81 


-10.64 




(+ i 




- 43 


+ 161 


- 269 




-0.08 


+ 0.46 




f+40+U 




- 760 


+ 3906 


-10778 




+ 0.08 


-0.46 




2.+2fl+3d 




+ 52 


- 143 


+ 87 










2«+6a+6J 




- 314 


+ 1874 


- 6403 








^ 












-0. 317 


+ 1.63 






«+U 


-1679 


+ 7272 


-13627 




-0.633 


+10.02 






i+2fl+2J 




+ 274 


- 63 






- 1.20 






.+M+M 




3 3474 


+29267 






+ 3.60 






- .+2S+2J 




+ 1166 


- 2171 






- 2.40 






2< 












-0.21 






2t+4S+iJ 




+ 180 


+ 113 






+ 0.21 






2f+M+8J 




- 1378 


+11897 










^Y 


A 










+0.227 


- Lao 






4«+3i 


+3690 


-12966 


+1M01 




+a340 


-10.02 






.+2fl+ J 




+ 222 


- 1234 






+ 1.96 






.+29+3J 




- 769 


+ 2197 






+ 0.01 






€+M+6J 




+ 9240 


-70866 






- 7.26 






- 1+29+ J 




- 646 


+ 1806 






+ 6.27 






2i+ A 




+ 99 


-- 444 






+ 0.04 






2i+«+3i 




- 109 


- 022 






-ao4 






2(+4«+M 




- S46 


+ 4266 












2«+8«+7J 




+ 4012 


-31827 










"9'* 












-0.039 


+ 0.24 






W+2J 


-1780 


+ 4728 


- 63U 




-0.039 


+10.42 






.+2ff+2i 




+ 499 


- 649 






-0.32 






f+M+4i 




- 5930 


+40905 






+ 2.86 






-H-2fl 












-2.64 






2t+ Si 




- SB 


+ 286 












2,+4e+AJ 




+ 980 


- 4160 












Zt+W+U 




-2890 


+20791 










P 


(+29+2i 
«+M+W-J 
- €+28+ A" J 
2H- i+J 
2f+W+4i 
2i+W+7i-J 


- 101 


+ 493 

+ 687 

- 193 

- 192 
+ 298 

- 88 


- 1128 

- 2063 
+ 1769 

+ 706 

- 1876 
+ 616 






+ 0.11 

+ 0.14 
-0.14 
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Cos 


- 


» 


». 




ii+ «+ i 


- 3L4 


+ 131.0 


- 266 




»«+3fl+3J 


- 48.0 


+ 193.6 


- 360 




.+M+5i 


- 16.2 


+ 81.7 


- 201 




J.+7(H-7J 


- 5.2 


+ 34.7 


- 107 


1 


i+M+SJ 


+ 1304 


- 8173 


+30282 




- 1+ 9+ J 


- 196 


+ 606 


- 698 




.+ «+ J 


+ 34 


~ 146 


+ 292 




.+M+" 


+ 366 


- 2212 


+ 6781 




i+3a+3J 


+ 1 


67 


+ 204 




I.+79+7J 


+ 138 


- 099 


+ 3437 


^ 




t.+39+2J 
.+ 9 


- 1381 


+ 7468 


-26691 






,+ 9+M 


+ 29 


- 12 


- 166 






I+69+4J 


- 482 


+ 2636 


- 7200 






.+89+4i 


+ 52 


- 197 


+ 280 






.+79+6J 


- 207 


+ 1348 


- 4176 


,» 


*+ 9+ ^ 


- 626 


+ 8088 






»+M+BJ 


- 7161 


+ 70387 






- i+M+M 


+ H78 


- 6874 






.+M+3J 


+ 18 


+ 1024 






»+79+7d 


- 2111 


+ 17666 






- .+ 9+ J 


+ 187 


- 690 






i<+9ff+»i 


- 771 


+ 6931 




55' 




,+ fl+2J 


- 231 


- 1142 








.+M+4J 


+17640 


-169928 








i+M+2i 


- 9842 


+ 1346 








.+M+4i 


- 892 


+ 3699 








.+M+2i 


+ 106 


- 2494 








I+79+6J 


+ 6918 


- 46149 








•+ 9 












.+M+8i 


+ 2813 


- 20914 




V* 


«+ 9+ J 


- 607 


+ 2729 






.+69+3J 


-10202 


+ 84314 






- .+39+ J 


+ 1066 


- 678 






.- e-\-i 


- 100 


+ 387 ' 






.+M+W 


+ 871 


- 2817 






I.+79+W 


- 4066 


+ 27061 




f 




t(H 


1- 9+ i 


+ 601 


- 3122 








.H 


69+4J-J 


- 423 


+ 4436 








.- 


■39+2J-J 


+ 28B 


- 36« 








H 


39+aJ 


+ 426 


- 2410 








>H 


■79+6J-J 


- 108 


+ 988 






- 


- 


■ 9 -1 


- 106 


+ 402 








m' 
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Coa 


^ 


1 




»■ 


- 


w 


^ 


• 


w< 


^ 


2fl+2J 
60+ei 


+ 1568 
+ 6879 


- 8912 

- 31659 




+3.8 
+3.6 


-23.3 
-23. S 




^ 


26+ J 
2ff+M 

e0+u 


- 2386 
+ 2238 
-216« 


+ 11662 
- 1016 
+103003 




-4.7 
-2.6 
-9.0 


+26.6 
+18.4 
+59.1 




vn^ 


2ff 
2e+2J 

W+4J 


- 1723 
+25396 


- 7588 
-103013 




-0.2 
+4,0 
+7.6 


+ 1-7 
-27.1 
-412 




^ 


26+ J 
(W+3J 


- 1100 

- 9257 


+ 6960 
+ 31600 




-1.4 
-1.4 


+ 8.3 

+ 8.3 




A 


M+6J-1 
28+2J 


+ 1040 
- 5354 


- 6697 
+ 25370 


-61866 


+0.3 


- 2.1 




f V 


26+ J 

2e+2J~I 

W+U-J 


+ 2492 

- 53 

- 1285 


- 12023 
+ 989 
+ 7413 




-0.1 
-0.1 


+ 0.6 
+ 0.6 




! 


20+2i 










-0:66 


+3.40 


9' 


2fl+ J 










+ 0.41 


-2.74 


5- 


«+4J 

t+20+2J 

~,+26+2J 










- 3.12 

- LIO 
-1.10 




1^ 


J 

W+3J 

«+2e+ J 

.+2fl+SJ 

-.+2fl+ i 


- 669.95 


+ 2421.1 


- 4BS0 


+0.« 


+ 5.94 
- 5.75 
+ 0.20 
+ 0.82 
+ 1.01 




^ 


«+2i 










+ 2.66 
-0.15 
- 0.16 




ni' 


i 










- 0.26 




^ 












+ 0.20 








m' 


m'* 



00HFARI80M OT TABLES. 

As a computer would discover in constructing tables, and as will be evident from an appli> 
cation of the method to s planet, the coeffidents in Table II and others of the same form are 
given with unnecessary accuracy. Although so many digits would never be required, except 
in a much more exhaustive development, they are given, for completenees, as they resulted 
from computation. 

In all the tables whose constructions involve the multiplication of trigonometric series, the 
errors are difficult or impossible to determine. Althou^ v. Zeipel's manuscript, which tho 
author generously furnished for comparison, is of assistance, the computations are not entirely' 
parallel, and comparison is not always possible. Many of ihe computations are so long and 
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complicated that the origiu of certain diecrepancies is obscure. Aside from possible errors of 
calculatioQ, differences are due to the independent adoption of the highest powers of m', to, ir, q', j^, 
and the number of arguments in a given series or product of series. In most cases our series 
are more complete than v. Zeipel's. Whether or not the extension of the tables increases the 
accuracy of the result remains to be seen from future applications of the theory. 

Tables II-XV. — ^The discrepancies seem to be due to t. Zeipel's errors of calculation and to 
' thur subsequent effects. The lai^er number of these errors have been traced in the mauustaipt. 

Tables XVI, XVII check satisfactorily. 

Table XV 111. — ^The bracketed quantities in the first three columns are in error throng 
previous discrepancies. We did not discover the source of the general disagreement in terms 
of the third degree, second order in the mass. These terms do not affect v. Zeipel's subsequent 
tables, since they are of order higher than have been included. 

Tables XIX, XX agree satisfactorily. 

Table XXI, — ^Tbe discr^anciea are numerous and their origin is obscure becaoae of the 
very long computation involved. In addition to performing a complete duplicate computation, 
the terms of first d^ree and a part of the computation of second degree torms were checked 
by the solution of the differential equation in the form given in Z 64. With the exception of 
tliree or four single instances, the discrepancies occur in two groups, having the following 
probable explanations. Tie neglect of the term 

in Z 65, eq. (109), by v. Zeipel accounts for one group of differences. The other group can be 

fairly well eacpluned by an error in the addition of second order terms in +-^ 0, to ^ — -n^. 

Aaanmmg that for these terms he added — w^, and, correcting his table, three discrepanciea are 
removed and two others are improved. 

Table XXU. — Considering the disagreemente in Table XXI, Table XXU checks satis- 
factorily. 

Table XXIU-XXVII.— These tables, like II-XV, are wmple in construction, and tlia 
discrepandee are due to errors of calculation, or they are the result of previous ones, witji the 
exception that some quantities have different numerical values because thef are more indnsive. 
The latter have been indicated by ( ). 

Table XXVm. — ^The discrepancies arise from the quantities in parentheses in Table XXVII. 
The omission of the term depending upon the inclination is justifiable in view of its magnitude. 

Table XXIX. — He discrepancies are numerous and striking, but, siooe v. Zeipel does not give 
thefonnulie of computetion, they remain une:^lained. The remark is made {Z 77), "Die 
Beredmung der Funktion [il—e cos t) C^»— W/)], welche eine sehr komplictrto war, wird hier 
nicht im Einzelnen mitgetheilt." For this reascm the devdopraent of ttw formoln which we ' 
used bos been inchided and the auxiliary funclionB 2[7'J, 1T^, [(l—e c6s c) W^"] havie been 
tabulated. The differences are not serious because of the high rank of the function. Oar 
table is deficient in certain terms whose computetion would be long and the omission of whidi 
is justifiable in view of their magnitude. 

raKTDKBATIOHS Ot THB IIEAH AHOMAIT. 

For clearness some of v. Zdpel's developmente will be amplified and repeated in an order 
which we fonnd more convenient. 

The determination of the disturbed mean anomaly is accomplished with the integration 
of Z 9, eq. (47), (which implidtiy contains Z 8, eq. (38)). By Z 9, eq. (43), 

fl-4(*-e sin £)-?'-*?-?' 
Tba difleroitaal equation is repeated in Z 78, eq. (124), in which is emphasized the fact that 
the atgummte are functions of both c and 9, as is the case for -j- • 
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If we obeerre the character of ^ aa it is expreased in the definitioD and recall that we have 
admitted trigonometric terms in 9, multiplied by t, it is evident that this ai^ument, which ia 
a function of the disturbed positions of the planet and Jupiter, is not periodic, but varies con- 
tinuously with the time. In the foregoing equation g and g' can not be regarded as angles 
which are always lees than 360°. contains, therefore, a nontrigonometric secular part in « 
and a periodic part in d and (. 

If we write 

8-i6-[ff\)+[ff\ 
S — [ff] contuns die secular term in e as well aa periodic terms. The segregation of terms of 
different type can be made explicit by the introduction of 

tf-* + #.(i»,() + 5,(i»,<) + (?,(tf,*)+ 278, eq. (125) 

where d is a function of ( and d„ &,, d, ■ • ■ are the periodic parts of d — lff\, i. e., they are 
oitirely trigonometric functions of (. This covers the condition Uiat <?« can not include trigo- 
nometric secular terms in t. By definition of d and Ot 



^[g=cm.,l- 



i-§'- (F(e,,)-iF(.e,,)]) -|_(n'te'-[»'SjT) 

where [n'ds'] is the long period term between Japiter and Satom. 
The derivative of (125) is 

dS be.Udi 

H'i'r'SiT, 
(,'5?+ar+5r+ ;+v +"5S+^+5«+ J& 

Ei^anding Fi8,t), eq. (124) in a Taylor's series in ascending powers of tff and making the above 
Bubetitation for-^> (124) bec<Hnfle (12a), in which 

W,0-^a-e cos .){tr+(l-«;)F-|(l-w)(ir-|ff)(ir+Js')+ ■-..}; fl-tf 

From the Taylor's series -t- is written in (127). This is the differential equation for d, the 
right-hand side of which can be computed. 

Substituting ^ in (126) and equating functions of equal rank, we have the differential 
equations (128i — 128,) for St, which can be integrated in succession. 

Before integration we convert eqs. (128) into differential equations for nSsi as folbws: 
Let 

niz — (nJlz — InSz]) + [jtdz] 

- n*s,+ n^^ + ndZt + +[n3z] Z 88, eq. (144), 

where ndzt is not only a function of first and higher orders in m', in which the lowest rank is t, 
but is entirely trigonometric or periodic. Then 

Z e, eq.(46) gives nSz-[nSz]-^-^l$M,t) -f fl,(tf,t)+fl,{tf,t) + +«nj sin t+ (n'te' ~[n'dz'])\ 

and 

[n&]-j~jfl-|f + [n'*3T + c'-/«:} Z 88, eq. (145), 

where it is to be noticed that [ndz], unlike [ W\, is not free from terms in t. Sabdividiog tite fint 
of these two equations according to rank, we have Z 79, eqs. (130), in -wiaeh—n'dz' +[n'8z'] can 
be n^lected. 
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Diffo-entistmg eqs. (130) partiaUy vith respect to t, substitntiiig in eqs. (128), evftluating 
tiie ri^t-hand sides of eqs. (128), we have eqs. (131i-131,), in which the superscaipt indicates 
that onh^ terms of first order in the mass are included, and where the argoment ^ replaces 
the argument 8. 

For purposes of calculation, the integrations are arranged as follows;' 

Id 

considea* first only 'Wf"+'W^" + l^^" in the int^ration of eqs. (131). The integrations will 
concern onty part of tie terms of first order in «Js,+n3Zj+na^. It is shown by v. Zeipel that 
the int^fration for all three ranks can be performed conveniently at the same time. Let this 
part of Uie functioD be indicated by enclosing it in ( ). The int^ral 

(n«2,(«) + (n^ZjC)) + (ni2,(»>) 

which is a bigonometric series, is given by Z 80, eq. (135), in which the coefficients T,., are 
defined by (136) and are easily derived from Table XXVII . The coefficients X^^ are tabulated 
in Table XXX. 

The remaining terms of rank one which are of first order only, namely, ndz,^"— (ndsit*'), are 
given by the first of Z SI, eqs. (137), in which W^, W,, [W^, can be written by inspection 
from Tables XVH, XVm, XIX, XXIta. The function is tabulatad in Table XXXI. 

"Hie remaining terms of first order in ndzj and ndz^ are given by the sum of Z 82, eqs. (139) 
and (140). llie function 

n^z,<" - (ni^O) +n*^<'*- {n3z,">) 

is given in Table XXXn. 

These developments complete rUfz ''' within the limits of the tables, and we next consider 
ndz ^'. We shall limit ourselves to functions in which the lowest rank is the first or second. 
Consequently, n^z, contributes nothing. 

Any function of second order in the mass and first rank must contain the factor — ; and in 

the given F (d, t) this factor occurs only in W^<'l. We have, therefore, by Z 80, eq. (131,), for 
tana part of n^V*^ indicated by parentheses, 

(ji««,w)- r{(i-«cos«)W,w-[(l-«co6.)F,«]l<Jf 

This function is tabulated in Table XXXTTT. 
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Tabli XXXI. 
ntt,<')-(na(iO)) 





am 


1 


>• 


- 


«■ 




»+2J+2J 


+ 2M.89 


- 740.6 


+ 734 


9 


f+4*+4J 
2.+2*+2J 


- 8Se.6 

- 147.4 


+ 3496 
+ 617 


- 6224 

- 737 


^ 


,+4i»+aj 


+ 1229.8 


- 4089 


+ 6671 


^ 


- .+2tf+2J 
.+2#+2J 
,+M+W 
2,+4tf+4J 

it 


+ 784 
- 202 
+ 2940 
+ 416 


(- 1667) 
(-X7009) 
(- 2687) 
~ 192 


+++++ 


^i 


- .+2#+ J 
*+2»+SJ 
.+2tf+ J 
.+W+6J 
2.+4fl+SJ 
2. + i 


- 2386 
+ 1492 

- 1962 

- 8668 

- 616 


+ B257 

(+ 42767) 
(+ 3264) 
+ 142 


+ 376271 

- 92732) 

- 6905 

- 606 


^ 


- 1+2* 
,+2tf+2^ 

,+M+4J 


+ 1634 
- 861 
+ 6349 


- 7081 

- 3794 

- 26763 


+ 161B9 
+ 22127 
+ 46318 


i> 


- i+2*+ A-Z 
,+6*+BJ-S 
.+2a+2J 


+ BM 
+ 260 
- 2877 


- 4200 

- 1674 
+ 12681 


+ 10988 
+ 6101 
- 30930 


if 


«+4»+4J 

- .+4*4-4i 

,+M+8j 


+ 6907 
- 269 
-11300 


- 11149 
+ 6168 
+ 76249 




?v 


.+4*+W 

.+4*+W 

- ,+4*+!U 

.+W+7J 


-11449 
-11270 
+ 1744 
+G0006 


+ 42212 
+ 961 
- 23941 
-304611 




. 5^ 


,+4*+4J 

»+4fl+2J 

- .+4#+2J 

.+8#+6J 


+26091 
+ 3966 
- 31S7 
-73683 


- 71730 
+ 16118 
+ 36021 
+400009 




v» 


.+4*+3J 
- .+4*+ J 

.+8fl+6J 


-13766 
+ 3317 
+36006 


+ 22166 
- 18462 
-172164 




A 


,+4a+3i-r 

- .+4*+3J-2 
i+M+7J-2 
.+4#+4J 


- 1707 

- 2112 

- 2381 
+14204 


+ 13126 
+ 16096 
+ 18919 
- 88020 




f if 


«+W+4J-2 
- .+4*+2i-X 
(+8tf+ei-Z 
«+4ff+3i 


- 664 
+ 3546 
+ 3827 
-17603 


+ 140 

- 22886 

- 27870 
+ 99684 




? 




- 767. 7 


+ 2821 


- 6210 


?' 


.+ i 


+ 670.0 


- 2421 


+ 4960 


^ 


2i 


- 384 


+ 1410 


- 2606 


?»' 


2t+ i 


+ 285 


- 1211 


+ M76 


1" 


t 


- 6624 


+ 47448 




?v 


-:ti 


■rsK' 


(-120603] 
- 60301 




,^ 


H-2i 


-10478 
-26664 


+ 70260 
+167424 




9« 


«+ i 


+16678 


- 94846 




pi, 


f+ i +J 


-22012 
+26666 


+121268 
-167424 


-369162 
1+611232] 


j" 1' 


.+ J 


+12W8 
-23624 


- 76364 
+160306 


+261640 
-498328 
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Tabu ZXXU. 
naii(')-(nb,(<)) 
+nto,(')-(n**,(')) UoJt-i". 
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Bill 


•f 


• 




.+2*+SU 


- 294.9 


+ 1036 


1 


t+*0+AJ 
2t+M+2J 


+ 384 
+ 1679 
- 74 


- 1410 

- 10348 
+ 149 


^ 


, +J 
.+4J+3i 


- 286 

- 2460 


+ 1211 
+ 13067 


!» 


- ,+2d+2J 
.+2*+2i 
t+M+U 

2,+W+4J 

2« 


- 101 

- 878 

- 8820 
+ 424 

[+ «1 


- 883 
+ 64G9 

{+ 77«7) 

- 1382 
[- 362] 


»!' 


- .+2tf+ i 

<+W+6J 
2,+4*+W 
2. +i 


- 2068 

- 1492 
+ 22KI 
+ 26974 

- 816 
I- »1 


+ 8418 
+ 2460 
— 12618 

(-206223) 
+ 1420 

[+ 303J 


T' 


- .+2* 
.+2J+2i 


+ 1634 

+ 861 
- 19047 


- 6447 
+ 2933 
[+1344001 


/ 


- .+2*+ J "Si 
.+W+M-X 
«+2*+2i 


- 780 
+ 2877 


- 3394 
+ 7362 

- 15S68 


?• 


,+4*+4J 
- .+4*+4i 


- 6098 
+ 4499 
+ 46200 




^V 


i+4*+M 

«+4*+!U 

- H-4*+3i 

.+8*+7i 


+ 22898 
+ 6322 
- 11270 
-200020 




?»" 


«+4«-H^ 

- .4-4*+2J 
.+8*+U 


- 62182 
+ 2712 
+ 4408 
+294332 




^ 


- ,+4tf+ J 


+ 27S12 
+ 6634 
-144024 




A 


c+4«+8^-I 
- t+it+U-Z 

t4-M+7i-2 
c+4*+4i 


+ 4023 

- 3616 
+ B524 

- 2S4D8 




J* ?' 


,+M+4J-I 
- t+49+2J-i 
t+8*+W-I 
.+4*+M 


+ 1108 
+ 7090 
I 16308 
+ 36006 








m' 



Hw coeffiioentfl in panntiiea 
temu. See p. 134, 



B differ from v. Zeipel'i Taluee because they coptun additional 
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The remaining tenna in the differential equation for n^z,'*' are, by eq. (143), 

^{naa,W - (niz,"') } - (1 -e C09f)|Tr/t« +n^'> -¥ IT.") -is.O' Y W,t» + iff/'*)! 

-[(!-« COB .)[ir/<«+TXl<*'-|(Tr.*"-5^i'"X^'*"+^^'*")Q 

all the tenns of which are of the second order whose lowest rank is Uie seoraid. lliey therefore 

contain the factor — v ■ 

To obtain ti^^') it ia necea8aj7 to return to eqs. (124)-(130) and make developmenta for 
terms of the second order similar to tiiose for first order. The resulting differential equation is: 

9^f^ - (^ -'^ ') [nfg^w _ (,^^<i)) }^ ^^(i ) _ (1 _ e cos c), w sini ^^ W,w 
_ r(l-e^coa«) ^^^^t,) _ (^2^(0) }^ ^^(1) _ (1 _« COB .j^ w sin.^ Fi<«*] 

-it(l-e cos ») W.(0]^{n^i.,-(n*z.W)}-f ^(n&.(»'). 
The sum of the last two equations, when integrated, giree the terms of second order having 
the ffustor -^ • It has been shown by v. Z^eipel through computation and we have shown ana- 
lyticaUy that 

and 

[(1 -e CM t) W;t')]^{nJz.«'-M2i«J)) +w^M2/»») -0- 
Therefore, 

^{n32,t«-{fta2.<«)+n*2,Wl-(l-eco8.)jrW3('>-|(^.»'-^.''')(F,W+j£,('))| 

-[(i-« cos .)(niQ'"-Kir.<'>-|^.<»)(w;(')+^«.<'>)|] 

The int^ral is tabulated in Table XXXIV. 
Sunmiarizing, we have included first wder terms in 

given by tables XXX, XXXI, XXXll and second order terms in 

ndz, + ntts, 
given by Tables XXXIII and XXXIV. The addition of Tables XXX-XXXIV g^ves the short 
period terms in ndz, or, the function 

n8z — [n8z] 

which is tabulated in Table XXXV. 

Betoming now to the differential equation for ^, the evaluation of F (9, *) and its derivatives 

inZ78, eq. (127) gives Zdl, eq. (146). The variable does not appear; -j- is a function of # alone 
Therefore the function is of long period. The int^ration is one step in the determination of 
[ndz], the long period terms in the perturbations of the mean anomaly. 
The function [(1 -« cos c) F] is tabulated in Table XXIX&. 

The function ["(1 - e cos t){ W- |sY W+ -3)1 computed fromTablee XXLXa andXXIXc, 
ia given in Table XXXVI. 
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The function I (1 — e coe i)(.ffi+9f + 8,) x^ I is computed as follows: 



129 



Finit, 



,»V, 



is given by Z 93, eq. (150) by means of Table XXXY, and -^ is readily written by inspection 

of Table X xTXm Performing the indicated multiphcations and retaining only the terms which 
are independent of c, we have the required function as tabulated in Table XXXVII. 

By eq. (146), the sum of Tables XXLXi, XXXVI, and XXXVII, multiplied by the factor 

i^, grriB »W), tabulated in Table XXXVm. 

Tabu XXXIII. 

("*■,">) Mi-r 





SiD 


rJ 




•* 


■ - 


- 


V 


.+«+« 


-o.m 


+ 1.59 


- 3.6 


1- 


l+«+3J 


+ 0. in 


- 0.67 


+ 1.8 


!' 


- .+2J+2i 
t+2if+2i 
.+M+6J 


+ 2.92 
+ 4.42 
+ 1.80 
+ 0.M 


. - 18.8 

- 88.4 

- 11.7 

- 0.8 


+ 1.8 


!?- 


- f+2*+ i 

t+2*+ i 
f+W+6J 
2.+M+M 


- 8. IS 

- L90 

- 6.57 

- 3.96 
-0.06 


+ 36.B 
+ 116 
+ 32.8 
+ 23.8 
+ 0.3 


- 0.9 


V 


- .+2* 
.+2J+2i 


+ 4.04 
+ 2.12 
+ L» 


- 2L4 

- 14.4 

- 10.8 




f 


- .+2tf+ i-S 


+ a22 

+ 0.07 


- 18 

- 0.6 




5 


. 


- L286 


+ 136 


-14.3 


1' 


.+ i 


+ 0.466 


-,2.69 


+ 7.2 


!' 


2< 


+ ft«S 


- 3.2 


+ 7.2 


11' 


2.+ i 


- 0.23 


+ LS 


- 3.6 


if 


. 


-28.8 


+222 




tV 


-:ti 


+72.9 
+84 6 


-669 
-286 




iV 


.+2i 


-66.2 
-87.3 


+376 
+653 




V" 


«+ i 


+69; » 


-439 




c» 


•+ J+I 


- 9.8 
+23.1 


+ 77 
-169 




J' >- 


1 +s 


+ 6.2 
-14.8 


- 46 
+112 






m'» 
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Table XXXIV. 





8b) 


wJ 




-. 


" 


.. 




.+2J+2J 
2,+4e+4J 


- 0.6U 

- 0.079 


+ 4,06 
+ 0.40 


-10,3 


' 


2.+2*+2J 

2f+M+ei 


- 0.74 
+ L74 
+ 0.S1 
+ 0.46 


+ 8.7 
-18.1 

- 2.0 

- 2.9 




^ 


.+4tf+3J 
2.+6d+W 


+ 0.30 

- 4.26 

- 0.66 


- L8 
+32.0 
+ 3.8 




^ 


- .+2*+2J 

.+aff+2J 

t+W+6J 
2t+«+4i( 
2t+M+8i 


- 6.4 
+ 6.4 
+ 6.1 

- L4 

- 2.2 






^v 


- f+2ff+ i 
.+2a+3i 
.+2i»+ J 
.+M+M 
2t+4tJ+3J 
Z«+M+6i 
2.+8*+7i( 


+12.0 

- 0.9 

- &6 
-1L8 
+ 3.4 

- 0.8 
+ 6.5 






r* 


- .+2* 

,+2J+2J 


- 6.1 

+ 1.3 
+ 6.4 






f 


- .+2#+ J-r 

2.+W+4J 

+(*-*.) CO. 


- fl.3 
+ 0.3 
+ 1.4 






t 


2f+2fl+2J 


- 1.02 

- 0.78 
+ 0.41 


- 8.4 




r 


,+4a+3J 

2t+2#+M 


- 3.26 
+ 0.58 

- 131 


+80.1 
- 4.8 
+ 2.1 




^ 


- t+2*+2i 
i+2a+2J 

2,+iO+iJ 


+ a6 

+ Ll 
+ 0.6 
I 0.8 






1 


- f+2fl+ J 
2.+ i 

{■»-*,)» Bin 


- 3.4 
+ 1.8 

- 0.36 


+ 2.6 




Y 


.+ J 


+ 0.27 


- 2.1 






m" 
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Tabw XXXV. 





■U 


- 


^ 


^ 


- 


' 


- 


1-r 




<+ a+ A 








4.1670 
2.7684, 


4 8741, 
a3827 


17172. 


^ 




«+ *+ J 








4.0066, 


4.7686 




V 




.+ *+i 








4.0766: 


4.8296 




J" 




<+ *+ J 








4.1366 


4.8738. 




5»' 




.+ *+2i 








a3346 


4.6162, 




.J, 




.+M+8J 








4.2240, 
4.0671 


4.9611 
4.8483. 


&668S 


V 




.+W+3J 








6.0926, 


6.0018 




vi' 




.+M+4J 








6.2326 


ft 1714, 




if 




e+M+Si 








4.7876, 


6.7344 




f 




r+W-Mi-i" 








a 8060, 


■ 4.7998 




/ 


_ 


!■+ * 








a 3112 


3.8860, 


4.1366 


q 




■+ *+ i 








a2065. 


17910 


4.0633, 


V 




t^-W+i 








aB338 


4.6236, 




trf 




t+Vt+U 








4.0879 


6.0382 




/ 




t+M+W 








a 6012. 


4.6318, 




f 


- 


,+3tf+2J-J 








a 2074 


4.1926, 




5 


, 




9. 868, 


0.568g 


2.022 


14600, 


13670 


V 


t-l 


1- i 




9.«2 


0.2633, 


[4.14986] 


12969 


a 1772, 


!/ 




.2fl+ J 


0.7«, 


[1.384] 


3.2927, 
2.47500 


[4, 6990,] 








■2i»+2J 




9.7B8i 


a 10847, 


a 4640 ' 


[13960,] 


1" 


• -I 


■M+2J 


0.M6 


[1.342o] 


2.306, 


[3-6179,1 


[4.4018] 




f 


»-l 


■a*+2i 


0.326 


1, 119„ 


Z.93B, 


*3017, 




j- 


• ■ 


■M+2i 






3.427B, 


4.23764 


4.76833, 
[a 84483 




II' 


!■ 


2*+3i 


0.28, 


1.102 


3.1738 


[a6449„] 




!f 




^+2J 






3.60D4 


4.27486 






f- 




■«+8i 


9.05T 


0.B92, 


3. 10161 


ag302. 


4.52416 


[4.781*2,] 


»V 


»■ 


.«+3J 






4.0619, 


17976 






if 




.«+3J 






4.1886, 


4.6961 






f </ 




■M+3J 






4.2431, 


6.1290 






? 


f 


■«+4i 


ftOOO. 


0.622 


2.9361, 


8.8035 


4. 41616. 


4.63017 


?• 


t 


4*+4J 






a 7714 


4.2108, 






»/■ 




■«-MJ 






4.41<6 


6.0931. 






rt 


t- 


-WH-U 






4.t&24 


&0661, 






iV 


«-l 


■M+BJ 






4.0688, 


4.8136 






j"l 




-M+3J-J 






3.2322, 


4.2342 






)' V 




■M+«-J 






r^- 


[109621 






^ 


• -I 


■W-Hi 


0.2» 


0.64,1 


4L7709L 


16.62862] 




tV 


t' 


■w+w 


0.6M, 


1,070] 


3.11374,' 


r4 94S«? 


fe 70347,1 




," 




■M+6i 


0.266 


o-w^ 


3.4684 


i60126J 


k 27461]' 




j" 


«-l 


■M+Bi-r 


e.s 


8-3.] 


2.416 


3,4823, 


(4.89311' 




i^ 




■M+W 






4.^64 


&:4999. 






iS' 




-to+6i 






4.8668, 


6.6416 






W 




-M+7i 






4.6990^ 


6.7030, 






5- 


«-l 


■M+8J 






4.0631, 


a0644 






y V 


.+W+6^-J 






a 6820 


4.6352, 






j'l 


«+W+7J-2' 






a 3768,- 


4.46W 






1" 


— «-i 


|-2ff 


o.60e 


L422,] 


a 2132 


a 6667, 


19260 




51' 




2*+ J ■ 


0.791, 


LawT' 


13777, 


18860 


4. 72168 




?• 




2*+2J 


0.418 


p;3e5i] 


2.894 


[a 4616,1 


a8078 




>■ 




2J+ i-J 


9.34 


0.28. 


2.838 


'a 4714,' 


17862 




5» 




-M+ i 






3.6208 


4.072S 






iJ^ 


— «- 


■W+2J 






a 4966, 


4.89682 






iV 




■M+3J 






a 2416 


4.6467, 






I" 




■M+4i 






2.430, 


19818 






p\ 




■M+2J-J 






a 6496 


4.19862, 






ft 


- f+4i)+3J-J 






3. 3247, 


4.05994 
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Ti^LK XXXV— Gttntiiiued. 





Stn 


^ 


■n 


n 


«• 


- 


Wl 


in- 


ii+3«+2i 








9.6731 


4.0029. 






.+M+3J 








2.3628 


3,2475. 


3.9005 


f 


.+M+3J 








3.6181. 


4.2122 




f 


f+M+3J 








3.4072. 


4.4000 




I!" 


(+3«+U 








3.5244 


4.4012. 




^ 




.+M-HJ 








3.3633 


4.4231. 


6.2726 


1 „ 


|.+M+5i 








3.17B0, 


4.2790 


6.1359. 


'T 


.+7<+tJ 








4.2775 


6.4708. 




!»' 




<H 


h7*+6J 








4.4061, 


6.6177 




•• 




f+7*+7J 








3.9296 


6.1606, 




"I 


2t+MH 


h2J 




9.430 


2.1744. 


2.708 


[2.889.] 


2.690. 


/ 


2.+2* 


3J 








L94S. 


2.601 ' 


2.516; 


li- 


2*-H* 


h3i 


8.8. 


10.5811 


2.788, 


[3. 6813] 


14.1074.1 






2t+M 


Hi 




8.90. 


g.B99 


1. 711 


2.579^ 


3.1728 


i"^ 


2.-H*' 


^ 


9.2 


10.34,1 


2.618 


[3.4962,1 


[4.0890] 




/ 


2f+M 


6i 




9L81B, 


0.6S40 


2. 7821 


a7794. 


4.61865 


7 


2<+W- 


.fti 




afl53 


0.4646. 


2.&0TB, 


3.6266 


4.38424, 




4f+eo+u 








L2340 


2.1166. 


2.7076 


)' 


l.+7<+(U 








2.3679 


3.3518, 


4.0687 


1 


{.+7»+7J 








2.1768, 


3.192? 


8.9204. 


n 




0.1021. 


0.728 


2.8978, 


a4604 


S.7168, 




■f 




Lsn. 


[2.3401 


3.8211. 


4.6762 






?5» 




mi. 


2 816 


4.407^:. 


6.1071 






J'l 




1364 


2.220. 


4.4076 


6.1971, 


6. 7086 




V 


i+ i 


9.ea8 


0.774. 


2.7836 


3.384^ 


3.6946 




>v 


«+ t 


1863 


2.76S 


4.2646 


6. 0814. 






I^ 


1+ J 


1844 


2.642. 


4.1963 


4-9770, 






J- !- 


•+ i 


LlTOb 


2.049 


4.3716, 


6.1770^ 


6.6975, 




>v 


.+ U 


1.742, 


2.574 


4.0203. 


4.S466 






.+ J 


0.718 


1.66. 


4.0809 


4.8829, 


5.4008 




ft 


.+ i+i 


XVI, 


i.sT 


4.3427, 


5.0837 


5.6563. 




rt' 


- .+ i 


L862 


2.468. 


3.9536 


4.7803. 






>■ 


2« 


9.801 


|S:g!J 


2.6842 


3.1403. 


3.4168 




J?- 


2.+ i 


0.357. 


2.4648. 


a0830 


3.3W6, 




1 


(»-»J-«ii 




9.66. 


0.42 








V 


1+ J 




9.«^ 


0.32, 
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Tabm XXXVI. 

4[(i-.<«,)(w4a)(W+J.«)] 



ist 





Cm 


«^ 


^ 


B-> 


^ 


B* 


. 








+0.000032 


-0.0080 


+fl.04fl8 


- 0, 176 


+0.12 


^ 




-0.00028 


+0.0037 


-0.138 


+1.10 


- 8.8 




V 




-0. 00011 


+0.0026 


-0.096 


+L27 


-14.4 




t> 






-0.0003 


+0.13B 








%n' 


i 


+0.00047 


-0.0070 


+0.262 


-2.61 


+22.8 








+0. 000017 


-0.000*2 


+0.0437 


-0.366 


+ 2.10 




V 


2*+ J 


-0.000006 


+0.0004& 




4*608 








4A-Hi 


+0.00004 


+0.0006 




+1.64 


-11.4 




W 




-0. 00013 


-0. 0012 


+0.372 


-9.59 


+32.2 




■^ 


W+2J 


+0.00011 






+2.40 






P 


w+M-r 


+0.00001 


-0.0001 










it" 


i 




-0.00004 




+0.010 


- 0.08 








+0.000066 


-o.oooeo 


+0.0399 


-0.276 


+ aM 




V 


2«+ i 


-0,000024 


+0.00047 




+0.221 






/ 


M+4i 


-0.00023 


+O.0028 


-0. 114 


+1.02 


- 4.7 




?!' 












+ 9.9 




V 


«+2J 


-0.000H 


+0.0034 




+1.11 


- 6.1 




^ 




-0.00017 


+0.0014 


-0.062 


+0.38 


- 1.4 




Tt' 


i 


+0.00019 


-0.0021 


+0.077 


-0.61 


+ 2.4 




^ 




















m" 


m^ 


«",«'> 


m" 


m'" 


m" 



Table XXXVII. 





Coa 


^ 


^ 


^ 


^ 


«. 


- 


w 








+0. 000042 


-0.01071 


+ 0.0883 


-0.402 


+ ],31 


- 3.9 


?■ 




-O.O0O43 


+0.0066 


-0. )80 


+ 2.73 


- 51,3 


+ 299 




V 


















p 






-0.0004 


+0.186 


- 2.00 


+ n.7 


- 40 




ni 


J 


+0.00076 


-0. OHO 


+0.630 


- 7.69 


+104. 2 


- 682 














- 1.153 






+217 


V 




-0.000020 


+0.00090 


-0. 1377 










/ 


4«+4i 


-0.00031 


+0.0041 


-0. 477 


+ 6.49 


-133.8 


+ 708 




W 


U+U 


+0.00068 


-0.0084 


+1.296 




+261.3 






^ 


4*+2J 


-0.00030 


+0.0041 


-0.921 


+11.68 


- 96.2 


+ 462 




f 


4J+3J-X 
+(tf-*,)ain 


-0.00001 


+0.0001 


-0.036 


+ 0.68 


- 5.3 


+ 26 




iV 


i 


0.00000 


-0.0004 


+0.062 


-0.44 


+ 2,0 
















- 0,212 


+ a83 






V 


2a+ i 


-0- OOOOIS 


+0.00038 


-0.0197 


+ 0,170 


-0.70 








4*+4i 


-0-00031 


+0.0037 


-0.163 




-7.9 






w 


4d+3J 


+0.00052 


-0.0072 


+0.336 




+ 16.9 






ir 


4J+2J 






-0.166 


+ i.« 


- 8.6 










m- 


m'» 


m^.m" 


m'» 


m", m' 


m^, m' 


m^, m' 
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Tuu ZXXVIII. 





Oct 


»-• 


^ 


»-< 


»-• 


IM 


»»j 


to* 


- 


■* 










1,5 


t4,5T] 


4.960 


6.6748, 


7.2764 


7.640, 


7.31 


-■^ 






2.0 
1.9 


&sa' 


Vi^\ 


8,048,] 
8.2077,] 


8,838 
[8.994] 


8W 


8.100, 


^. 


i 




2.34, 


iISi 


siai 


7.9941 
8.402i] 


9^199^ 


^^oH 


8.079 


,^ 


2# 


1,6 


[20,J 


5.744 


p.MaSi 


8. 3811 


B. 1031. 
[7. 3772J 


9 0128 






A 


2*+i 




0.C 


13,068] 


7.2212, 


[8. 0372] 


[8,764,1 


S, 868 


fV 


W+ i 


2.32, 


3.30 


s.8«e. 


6.71S 


asosB, 


9.2B04 


9. 2017, 






?^ 


2J+ i 






5,301, 


6. )49 


8.2302, 


9.0164 


8 938, 






>■ i 


2*+i 










8,6692 


9.3245, 


9-2428 






r 


2#+2J 


2.49 


140, 


5 422 


6.292, 


7.478 


8.864^ 


8.836 








2*+2J 




1.22 


[2,94.] 


[6.1206.] 


7,6416 


[7.9638,] 


[7,083,] 


J8, 845] 


8.682. 


','* 


2*4-2i 


1.9 


[3 0.] 


5 442 


6.328. 


8,0915, 


'8,830, 


8,742 






A 


2tf+2J 










8.5904, 


9.3489 


9.8024, 


9.6532 




iV 


2fl+3i 


2.04, 


3.00 


4.98. 


5.89 


8.0326 


8.1973, 


7.69 






A 


2J+ i-i- 






4,51 


5.42, 


8, 1011 


8.873. 


8.792 






? 9' 


2*+2i-i- 






4,04. 


5. OCT 


6.89, 


8.1M^ 


8.168. 






9^ 


W+2i 




»' 


4! 369] 


6.1031 


[8.4188,] 


[8.5297] 


[?«] 


7.90. 




19' 


M+Si 




6, 2626. 


'8.5694" 


17988.1 
^4338J 


7-M-] 


8.287 


8. 210 


V 


M-Hi 




3- soil 


i.wi\ 


(6.824] 


18.0924,] 


7.24?' 


7,74. 


8,044. 


f 


«+3i-J- 




1-6. 


2.45 


4.68 


7. 1747, 


7.301 


8.111 


8.127. 




?" 


M+3if 






5.301. 


6. 149 


9.1294, 


9.7728 


9.8809, 






,^ 


M+4i 






6.92 


6,74, 


9,4432 


0.14644, 


0,06077 






?v 


U+6if 


2.0. 


3.0 


» 


6.79 


9-2774, 


0.03298 


9.9494, 






9* 


u+u 


2.0 


8.0, 


8.292, 


8.634 


9.4361. 


9.3608 






i* V 


M-f4i-^ 






4.04. 


6.00 


8.272, 


9.1028 


9. 0334, 






rt 








4.51 


6.42, 


8.0554 


&»26. 


&864 






??' 


i 






[2.00.] 


4 71 


6.94, 


6.507. 


6.606 






?' 


2*+^ 




Lse 


n\ 


4.49 


[5. 256,] 


15, 61] 


^^ 






9 


2*+2i 




1.82, 


4.84, 


5.360 


t6.6li] 






»« 


4#+2rf 




2,34 


g.00] 


6.392 


6.179,] 


6.528. 


0.666 






ff* 


W+3J 




2.89, 


1461 


6.702, 


6 467] 


6.861 


6.979. 






5* 


{*-*,)•«• 




2.66 


I3.45S.J 


[5.367] 


6. 127i] 


6.530. 


6,663 






?' 








2.08. 


2.08 




B.546. 


5.546 






V 








2.5? 


2.M, 




5.39S: 


6.396 






iv' 


i 






!.5, 


2.6 




6.776 


5.776, 








m" 


m-* 


„.,„. 


nf.,™-- 


m-*,*!' 


*»",«' 


m^.m' 


m«m' 


m-'.m' 



•(i))=2io'5p5'fl/«C, cos Arg, ■\-{,0-\)Sv!*Tif^'iy*C^ sin Arg. +(tf-flo)''^'*'lV«^C'» cm Aig. 
where C^,, C^, <?,, represent the respective coefficients. 

■ COHPABISON OF TABLES. 

Table XXX. — With the aid of the manuscript the source of all the discrepancies indicated 
by brackets has been traced. Coefficients in parentheses are functions of coefficients in paren- 
theses in Table XXVII. 

Table XXXI. — llie function was computed by the first of Z 81, eqs. (137), which is more 
rigid than the one following it, which t. Zcipel used. Aside from the addition of omitted terms, 
the bracketed coefficients are more accurate by reason of the errora in t. Zeipel's Table XVIH. 

Table XXXII. — TTie computation was performed according to Z 82, eqs. (139) and (140), 
in place of eq. (141) which is less rigid. Besides the discrepancies due to the addition of omitted 
terns, four bracketed coefficients are of opposite sign. These discre]>ancie8 may be due either 
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to a Dum^cal error or to tli6 number of terms included. Tlie remauung discrepancy is due 
to slight inaccuracies of v. Zeipel's computation. 

Table XXXIIL— The discrepancy m this table follows from one in Table XVIII. Third 
d^ree terms in Table XVIII were not iiKtegrated because, in the aggregate, they amount to 
very little. 

Table XXXIV. — Our table is more extensive. Second degree terms are, however, not 
complete, for they do not include second degree terms in 
[y*] cos f+tzi] sin t 
The discrepancies are of no importance. 

The integration of eq. (146) is l>est performed individually for each planet The analytical 
developments are as follows: 

The differential equation can be written 



By a change of variable 



Writing 









we have Z 96, eq. (152), in which the last term can be neglected. 

For a given planet the factors w, 17, f and the argument i are known constattto. Tliere- 
fore 1 +4 (d) can be expressed as in eq. (153), as a Fourier seriea of sines and co^es of mul- 
tiples of 20, in which the nontiigonometrical term is designated by a. 

Expressing eq. (153) in tenns of exponentials and solving for di-^t~ [n'8^] I by the e^paoaion 

of {l+#(ty)}~*, and runtroducing the trigonometric functions, we have the eqnation 
following eq. (163), in which the nontrigonometrical part is taken onteide the brackets as a 
common factor. The bnu^ets in this equation do not have the special signifieanee which 
they have had previously. 

The variahleb < and ^ are now separate and the integration can he performed. Trans- 
ferring tbe common factor to the left-hand side of the eauation. nerfonning the integration 
andaddftig- - 

— <;— c' 
n 

as the constant of integration, we have the argument C expressed as a function of in eq. (164), 
where C is defined by eq. (155). 

llie reversion of the series gives J as a function of Z- We have by eq. (154) 

where -^C is a small quantity. Given , 

s = «i + ar*(z), where « is small, 
we have, by a theorem of Lagrange, 

F{s)~Fi'a,)+anw)F'{w)+^^ §^[{^iw))*F' iv,)\ + - ■ - ^^-j-^^[{,(«,))'^'/"(tp)l+ ■ - • 
By means of this theorem eqs. (156), (157) can be derived, where it is to b« noticed that 
(;— K<!+c') is an approximation for iC~Z^- !•* our developments we have used (f— C»)- 
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U in Z eq. (155) we add and subtract/ ■^•-[n'Janj 

1 + |U,'+B,»)^2 / n V2 / 

Subetitating this value of f in eq. (156), 

#-^ + [n'*z1-^<+c'- i ^ {^(-tn'tell+Seriefl 

2 « l+i(^'+B,*) V2 / 

Sabstituting the last equation in eq. (145), we obtain Z 98, eqs. (159), (160), and (161). Id 
eq. (160) tile factor (t — c) isan^pnudmaUoofor-- (C— C«)r inoorworkwebaTeused the latter. 
Since [n^], is the series in eq. (156) multiplied by the factor - _ i 

Table XXXV. — With the exception of the two coefficients under the heading ti^, all tlie 
bracketed quantities are functions of ottier coefficients in parentheses or brackets, or they are 
functions of additional terms. Ilie two coefficients excepted seem to be in disagreement throu^ 
some numerical error by t. Zeipel. 

Table XXXVI. — Since the mass factors have not been kept explicit, it may be well to remark 
that only the zero degree term of third order has been included undef the heading vr*. 

The bracketed quantities are numerous. Aside from the accumulation of discrepandes 
already discussed, the disagreements are to be attributed, in geiwral, to the relative extent of 
the con^>utationB, It is found from computation that as the number of terms included in a 
product is increased the resulting coefficient for a given ai^^ument is numerically larger. For 
the most part our valuee are larger than t. Opel's. Hence the discrepancies are ei^lained by 
assuming ihat oor computation is more extensive. On tiie other hand, the fuictoon is com- 
puted much more accurately than is neoeesaiy, sod many of our disagreements are less important 
than they appear to be. 

Table XXiVH.— The comparison of Tablee XXXVII is similar to that for Tables XXXVZ 
mtit tiie exception th&t our values are not, io general, numeric^y larger. Some are larger 
and some are smaller. Below are brief tables showing to what extent we used the iMcessary 
series. The 0, 1, 2 signify the d^reee of the terms included. 









»a«-[»a.]} 






^ 


•" 


«• 


<t 


■■ 


». 


w* 


- 


Ml 




1 

2 



1 
2 



1 

2 




1 



1 

2 



1 
2 





m' 




m'» 
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« 


^ 


- 1 


■• 


• 


•• 


v 


- 


- 


- 


>• 


- 


w 


«• 




1 

2 




I 
2 




1 
2 



1 
2 



1 
2 



1 
2 








1 




1 




1 


n' 


- 


m'» 



Table XXXVUI. — ^All the bracketed quantities probably contain only the accumulation 
of the discrepancies in Tables XXIXi, XXXVI, uid XXXVn. This is a very important 
table, and it is from differences in 4 (^) that the perturbatiooa may be expected to differ most. 

KRTCRBAnOnS OF TBS tLADIOS VBCTOK. 

If Wand X H are tabulated and the computation is performed in duplicate, it is not necessary 

to make the long developments and the auxiliary tables in Z $6, 99-114. For tlus reason the 
formulae in J 6 have not been checked tmd the list of errata does not cover this section. 
The essential formulae are given in 2 99. By 2 7, eq. (36), 



^F- 



1. 



.)4 



In order to parallel the form of nitz, we write 

where {9^ + 6^+$,) is given by Z 93, eq. (150). 

Hei^ce Uie computation proceeds as follows: the perturbation is computed by eq. (36), 
the argument d is replaced by i), anda corrective term which is the product of (9i-(-0,+9,) 
and the derivative of the function with respect to if is added. The perturbation v is then 
expressed as a function of 9. It is tabulated in Table XUII. 

Table XUH. — If there are no errors of calculation in the construction <d the table, all the 
discrepancies are due to the accumulation of other discrepancies previously discussed. 

"Rw perturbation vf{d) includes 





1 1 1 1 1 1 I 

2 2 2 2 2 

3 3 3 3 



where the tabulated numbers signify the degrees of the terms included and where onhf ^ And Si 
are inclusive of third degree. 
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Table XLIII. 





o« 


»-• 


^ 


^ 


•■ 


"» 


- 








8.72 


19 88,] 


1.0349 


2.1070, 


2.2333 


!" 




9.80 


[0.212,] 




2.769 


3.40^ 




> '^ 




8.9 


9.23 




2.937 


3.6286, 




f 










s. iiaS, 


3.6296 




l!- 


J 


s:a. 


9.78 




3.8440 




tV 


2J 


1.204 


3.2111, 


a 7970 






i- 


2*+ J 




0.604, 


2.3472 


I'siX 


2.686, 


3.4736 


lY 


2*+ J 


0.997 


l-Tli; 


3.6569 






> 


2#+i 


0.438 


1.22$; 


3.3654 


4.0763, 






i" r/ 


2*+ J 






3.6975, 


4.881?^ 






H 


2*+2i 




a438 


3.mX 


9.2628 


[3.068ft,] 


3.3979, 


;■ 


2*+2J 


0.732, 


1.487 


4.0643 






ii" 


2<t+2J 


0.772, 


1.589 


3.4136 


. 4. 0723 






)■/ 


M+2J 






S.9048 


4.6648,] 


4.8606 




"v 


20+&J 


0.506 


1.344, 


S. 4767, 


2.783r 
3.68W] 






ft 


2*+ J~£ 


9.33, 


0.15 


2.^ 






r 1' 


2a+2J~£ 


9.2r 


0.10, 


3.296li 






J^ 


*#+2J 


8.9 


1.2818, 
[1. 60241 
[11342,] 


3.6614 


3. 6173, 
[4. 13941 


3.8147 




»!' 


W+9J 


9.7B, 


9.7885„ 






i- 


ia+iJ 


9.98 


- 3. 4007 


3.908C] 


[4!l4»? 




f 


M+3J-I 




9.^^ 


2.306 


'2.642^ 


(a. 749,1 




^ 


W+3i 


0.430 


4.2676 


6!2324j 






»}* 


0<)+4i 


1.125, 




4. 6470, 






iV 


M+6J 


1.198 


l!ft47. 


4.6397 


5.1768,] 






I' 


W+M 


0.732, 


1.508 


3.9467, 


4.6328]' 






f\' 


W+W-^ 


9.20 


0.10, 


3.4099 


4. 1710_ 
[4.0642J 






W 


w+u-^ 


9.Mta 


0.5? 


3.2601, 






I!" 




1+ * 








3.4878, 


4.1106 








,+ a+j 






8.3, 


2.2106 


3. 7179, 


2.818 


'V 












3.6709, 
3.4607 


4.2261 
4.1296, 




1^ 




t+ !)+■ i 








8.6100 


4.1837, 




li- 




.4- a+2i 








2.579, 


3.9270 




I' 


*.+3tf+2J 
i.+3fl+3J 






0.08 


8.0878 


4.1471, 


4.7839 


1 






9.5 


3. 6727, 


4. 1611 


4.7545, 


i" 


<+M+3J 








4.S648 


6; 1414, 




ii' 


.+M+« 








4.7261. 


p. 4067] 
p. 0418,] 




J' 


t+M+W 








4.28er 




P 


I+M+4J-J 








3.2570 


^4.0006;; 




Y 


_ 


.4- J 






1.086, 


2.7090 


S.3467, 


3.7098 


%" 


I 


•+ *+ J 
t+3tf+ ^ 






0.8P 


2.1867, 

2.514 


3.0952 

p. 9122? 
^ 8118] 


3.6836, 


,?' 




.+30+2J 








4.0863 




i' 


- 


•+3fl+3i 








3.8341, 




i* 


- 


.+3*+2J-J 








2.416 


3.6926, 




5 


, 




9.62 


0.58, 


2.143, 


2.682 


2. 9161. 


V 


<+ J 




9.04. 


9.8 


2.061 


2.666, 


2.9477 


■n' 


«4-2tf+ J 


0.444 


I.IMI, 


3.0688 


3.8036, 


[4.2654] 






.+2*+2J 




9.487 


2.1744, 


2.7280^ 


'2.972,' 
14.0775,] 


2.976 


!»„ 


.+2*+2J 


0.344, 


1.1143 


2.6^ 


[3.5334] 




5" 


t+2a+2J 


0.025, 


0.828 


Z634 


3. 072* 


4.0416, 




y 


,+M+2J 






3.1265 


3.8806, 


4.347^ 




??' 


«+2fl+3J 


9.98 


0.811. 


2.873, 


3.1697 


£3.6866] 




;," 


.-I-M+2J 


1.105 


1.897 


2.864 


4.3477, 






Y 


«+W+3J 


IX. 


0.388 


2.8000, 


3.6327 


4.0066, 


4.3207 


rt' 


M+*a+ZJ 


.2.083 


3.0931 


4.4160 






- V' 


«+'W+8J 




■ 


3.8375 


4.0446, 






j^ } 


«+4tf+3J 


0.267 


0.^ 


3.9421 


i.-W^ 






? 


.+M+4J 


8.19 


[2.6366] 


3.4317; 


3.9469 


4.2558,. 


'\, 


.+4tf+4J 


0.774 


i-mT 


3.0934; 


[3.7886,] 






,," 


f+M+W 






4.1164, 


4.6647 






>*? 


.+M+4i 


0.466, 


1.32 


3.8518, 


4.6436 






iY 


,+4fl+6J 






3. 7579 


4.3244, 
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Cm 


^ 


■-• 


v 


- 


' 


w 


h 


.+4*+3i-J 






3.0030 


3.8869, 






? ^ 


.+M+4J-i- 






2.4425 


1.86, 






!" 


.+M+4i 


l:^ 


0.480 


3.5016, 


4.3723 


4.9962, 




li- 


.+W+6J 


0.823, 


3.6389 




b.20^ 




I' 


,+M+6J 


9.96. 


0.S38 


3.16S6, 


[4. 1334] 


[4.8131,1 




/ 


.+M+5J-2 


8.6/ 


[9.15] 


2.111, 


3.0881 


[3. 7886,1 




," 


.+M+5J 






4.2654, 


4.9349 






»J" 


i+M+aA 


1.320 


2.152, 


4.6657 


5 3010, 






?V 


i+sa+7J 


1.228, 


2.093 


4.3995, 


6. 1827 






V 


t+M+&i 


0.648^ 


1.64, 


3.7543 


4.5812, 






j'V 


.+8*+8J-^ 






3. 2818, 


4.144? 






W 


t+w+Ti-r 






3.0763 


3.9769, 






•r 


- .+2tf 


0.305 


r^' 


2.912 


• 3.4968„ 


p. 8161 




1^ 


- I+2tf^ 


h i 


0.490. 


3,0166, 


[3. 7273] 
p. 2375;] 


4. 3119 




V 


- «+2aH 


2i 


0.117 


V982,' 


2.288, 


3.7892 




<• 


- «+2JH 


■ J-^ 


B.04 


9.96/ 


2.638 


3. 2817, 


[3.65SS 




r 


- .+4*. 


- 4 






3.2197 


3.9650: 






li" 


- «+4rt 


24 


L146, 


1.89 


3.0204 


4.2441 






lY 


- i+4tfH 


\-3J 


1.006 


1.78, 


3.6247, 


4.0012, 






/ 


- «+4aJ 


Ad 


0.290. 


1.U 


3.1793 


2.982 






f ¥ 


- i-Han 


2J-J 






3.2486 


4.0685, 






i-n 


- .+4*J 


3J-X 


8.98, 


0.8 


2.967, 


3.8580 






1 




|i+ *+ J 






9.0 


2.3363 


[3.0704,] 


[3.5111] 


V 




t+ il+2J 






9.6 


1.600 


2.3585 


3.1842i 


!!' 




t+3#+2J 








2.779 


3.782D, 








f+3tf+3i 






9.28 


2. 1614, 


3.0287 


3.64&1, 


5* 




i+3t»+3J 








1.32 


2.966 




V 




>+3«+3J 








3.3460 


4.1111, 




/■ 




.+3rf+3J 








12309 


4.1965, 




n' 




i+3*+4J 








3. 2094, 


4.1520 




f 




.+M+4J 






1.017 


3, 1617, 


4.1967 


5 0160, 


q 




,+6tf+5J 






0.88, 


2.9688 


4.0380, 


4.8781 


V 




.+7*+6J 








4.08&5„ 


6.2422 




;/ 




.+7*+7J 








4.1991 
3.7114, 


5. 3823, 
4.9188^ 




J' 




.+7a+W-i- 








2.615, 


3.8317 




jj" 


-U+ » 








3. 2411 


3.7872, 




»■ 


-f«+ *+ i 








2.81ft, 


3.4476 




J" 


it 








2. 9181, 
2.364, 


3.4813 
3.0737 , 




ii' 


2f+ J 








2.624 


3. 3489, 




?^ 


2.+ 2J 








2,20T, 


2,978 




i- 


2.+ J+J 








2.620, 


3.2765 




5 


2I+2JH 


h2J 






9.8. 


1.63 


2.362. 


2.873 " 


V 


2.+2tf 


3J 






9.r 


1.796 


2,3«; 


2.1007 


.J- 


2<+4tf- 


KW 








imz. 


2.700 






2t+4<>- 


4J 




8.7 


[8.8] 


2.4158 


2.9867, 


-^ 


2.+4* 


Ki 








2.330 


3.1764, 




t" 


2.+4tf. 


h4i 








3. 1079 


3.9008, 




^V 


2.+4fl. 


h4i 








.8.786, 
2.9881, 


: 3.6809^ 
3.8425 




,' 


2.+MH 


bJ 




9.«4 


ISrai;, 


2.65C 


3.6204 


4.3279, 


1 


2.+ ton 


hW 




9.48, 


2.4419 


3.4512, 


4.1892 


%" 


2»+8.»H 


■BJ 








3.6135, 


4.6784 




'/ 


2.+fcJ- 


7J 

8J 








a,7J24 


4.807(^, 






2.+8i). 








3.2109, 


• 4.3338 




/ 


2t+MH 


Ud'i 








2.068, 


3.2002 






.+6rt+5J 
.+7.J+6J 






9.3, 


1.140, 


2.0056' ■ 


2.6T27, 


Y 






o.sl 


2. 2749, 


3. 2377 


3.9184, 


1 


i.+7*+7J 






0.3 


2.0542 


3.0565. 


3.7710 




J.+Ttf+7J 






8.1 


0.43. 


1.346 


IWWta 
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Tabu XLIII— Continued. 



LogMltbaAL 






»■ 








Uatt-i" 




Cn 


iir« 


^. 


nr' 


«• 


« 


itf 




(*-fl^rin 














"; 

1 


i 


9.66 


0.810h 
9.79, 

8.9? 


2. 7559 

D.54 

[0.63.] 


3.3S40, 


3.6946 






•+ i 

«+ i 
.+ 2J 


9.801„ 

1.075; 

l.MO„ 

1.063 

9.36 

1.566 

1.543 

0.87, 

1.441, 

0.696^ 


0.426 

2.045 

2.514 

1.916- 

0.471, 

2.456; 

2.341: 

1.75 

2.273 


2. 5970, 
3.5201, 
4.1066, 
4.1066 
2.4824 
3.9671 
3.8942 
4.0705, 
3.71^; 
3. 7799 
4. 0417, 


M49S 
4.3751 
4.8961 
4.8961, 
3.0830; 
4.7890* 
4.6760, 
4. 8769 
4.5456 
4.5819, 
4.7827 


3.4158, 

5.4076 
3.3936 

5.896B, 

5.0998 
5.2543, 




', 






9.69, 


0.45 
0.34. 








V 


2t+2a+2J 
2.+2*+3J 




ft 46 
9.32. 


|S:M!' 








!V 




1.265, 


2.149 


3.6240, 


4.4615 






V 


«+ ^ 




9.25 
9.12. 


0. 117, 
0.02 












m" 


m" 


m", m' 


n.' 


m' 


m' 



wh«r« C„ Gs G( rapreBentfhe rMpective co^denU. 

raKTURBATIOnS 09 THE THIRD COOBDBfATB. 

For the third coordinate the developinenta &re limited to perturbationa of the first order 
and of the first degree with the exception of some secular terms of second d^ree. We can 
therefore tise oecolating elemente in this section, and use and & without distinction. 

hyZBeq. (39), 41, eq. (83) and 8, eq. (41) the equations Z 115, (192) are pven, in which 
J is defined. 

Since 



dS 9S,8S dd_ 



-S 



dt d£^ 

ByZ9, eq. (45) we have, with sufficient accuracy, Z 115, eqs. (193). Within tiiese limits, 

<W tp., 

2^«-(l_gCOB0. 

Snbfltituting this relation in the above equation and in eq. (192) in turn, the differential equation 
to be integrated is (194). 

Since F, Q, H are power series in w, it is evident from eqa. (102) that 

^-2, + 2> + i-,«)^+ 

when 
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Therefore, eq. (104) becomes 



Comparing the coefficients of like powers of w on either side of the equation, it is evident 
that the int^ral must be of the f onn 



Substituting this relation in the preceding equation and equating Uke poweis of w, the system 
of equations (195_i) - (195,) followB. 

Within the extent of the following developments one more equation should be writt«i by 
analc«T. 

SW 

This system of equations is integrated in a manner similar to that for ~r (see p. SI). Each 

equation is broken up into two equations, one a function of i and one independent of ■. The 
differential equation (194) ia then replaced by eight differential equations, the integrals of wluch 
can be obtained in the order, 

S-,, (S,-tSJ), [SJ, (S.-tSJ), [SJ, 

As in the case of -3—, the condition is imposed that 



[^]-» 



The equivalent equations are (196)-(200). 

A compwison of the differential equations for (j^^— [iS'^l) with the expressions for ■ j ' 

■ g* leads to an analogous form of integration for certain terms. Within the extent of our 

developments, 

(J,-ti-J)+w(^,-UJ) 
and 

-i (1 -e cos ^J(^.-t2-J)*-t(l -« cos <)^J(i',-[2'J)dfl 

take the {Jace <^ — v *- and - ^J —, respectively. Without change of notation for the third 

coordinate, (S-t5]) is givem by eqs. (201), (202), where P,<5,3 an computed from F,6,S'm 
Tables XII-XIV, by meaoe of etp. (118) and (119). The coefficients P,'5,S bk tabulatwl in 
Tables L to UI. 

llie function [iS^ ia obtuned from the integration of eq. (203). A constant of intention 
is added, which is the same in form as Hansen's constant of integration for the perturbation of 
the third coordinate, namely, 

c,(coB ^-e) +£^ sin ^ Z eq. (204) 

where e, and c, are undetermined. 

By eqs. (192), the pertubation— 



The pertorbatlMi comprisee the computed value of eq. (202), the trigonometric sine aeries given 
by Tables L to UI (which can be written by infection with the aid of Table XVi), Qxe aeries 
formiiq: Table T.TTT, and the constant of integration (204), in all of which 



Digitized by 



Google 



142 



MKMOIRS NATIONAL ACADEMY OF SCIENOBS. 

Table L. 










I . 


a 


s 


. 


. 




/„(n+l. -«+!)+«' 
r,.o(n-l.-n+l)+7t' 
^,V«+1. -«-!)-»' 
fUn-l.-n-l)-n' 


+ 52.7 
+158.2 
-168.2 
- 52.7 


+ 96.0 

-191. 9 
-1SL9 


+ 67.0 

- 286.0 

- 95.0 

- 285.0 


+ S3.8 
-101.4 
- 50.7 


+ 20.1 

- 47.0 

- 28.2 

+ i4a9 


+ 12.0 

- 24.0 

- 16.0 
+ 48.1 


s 


^,.o(n+l.-n+l)+K' 
/,.^n+l.-7.-l)-^ 


-201 
-812 

+812 
+201 


-362 

+897 

+613 


- 263 

+1495 
+ 498 
+ 366 


-178 

+6« 
+297 


- 119 
+ 306 

+ 183 
-1478 


- 80 
+172 

+114 
-439 





GUn.-n+D+.r' 


- 26.37 


- 47.98 


- 28.60 


- 16.91 


- 10.06 


- 6.02 




G...^n.-n-l)-ff' 


+ 79.10 


+ 96.96 


+ 47.50 


+ 26.36 


+ 14.09 


+ 8.02 




|,.,(n+I.-n+l)+«' 


+ 90.3 


+ 112.3 


+ 58.6 


+ 29.0 


+ 13.6 


+ 5.8 




G,.rin-l.-n+l)+t' 


+ 530.8 


+ 720.8 


+ 468.9 


+ Sll. 7 


+ 207.7 


+ 138.0 




ff..^n+l.-«-l)-^ 


- 124.2 


- 120.5 


- B3.3 


- 21.8 


- 7.4 


- 1.2 




0,.^n-l.-n-l)-^ 


+ 609.9 




- 1640.1 


- 674. 1 


- 869.6 


- 21ft 




fi,.,(n.-n+2)+^ 
0,.,C7..-n)+^ ■ 
ff...(7..-n)-^ 
ff..,(n.-n-2)-«' 


- 162.4 


- 211.6 


- 108.8 


- 47.7 


- 19; 7 


- 6.4 




- 166.6 


- 362.6 


- 298.2 


- 229.0 


- 167.2 


- U8.3 




+ 166.6 


+ tW.7 


+ 13.2 


- 14.4 


- 20.7 


- 1ft 3 






+ 182B.6 


+ 88J.4 


+ 616. 6 


+ 32L2 


+ 204.1 




e;^(n.-n-l)-^ 


+ 100.4 


+ 176.3 


+ 126.8 


+ 87.8 


+ 69.6 


+ 3ft 9 




- 406.6 


- 448.6 


- 24ft 2 


- 148.6 


- 91.6 


- 67.2 




S,^n+l.-n+l)-hc' 
e,^{n-l.-7i+l)+s' 


- 432 


- 692 


- 370 


- 218 


- 122 


- 64 


» 


-2047 


- 3188 


- 2412 


-1811 


-1342 


- 982 


o,.,{«+l.-n-l)-«' 
0,.^n-l.-n-l)-«' 


+ 718 


+ 821 


+ 440 


+ 226 


+ lor 


+ 44 


1 


-2401 




+12134 


+4939 


+2788 


+1744 


£ 


5,.,{n.-n+2}+»' 
ff..,{n.-n)+r' 
a,.^(n.-n)-r' 
0,.,(n.-«-2)-;t' 


+ 693 


+ 951 


+ 668 


+ 514 


+ 158 


+ 68 




+ 893 


+ 1773 


+ Jfi07 


+1366 


+1089 


+ 844 




- 893 


- 747 


- 264 


- 27 


+ 68 


+ 98 






-13S63 


- 5889 


'3549 


-2336 


-1586 





Sun.-n+D-h^. 


- 7ft 10 




+ 142.49 


+ 6a72 


+ 23.48 


+ 12.0a 




fl...(n.-n-l)-n:' 


+ 26.37 


+ 96.96 


+ 142. 49 




- 70.46 


- 24.07 




fl,.o(n+l.-n+l)-Ht' 


- 609.9 


- 628.9 


- 231.4 


- 108.8 


- 62.7 


- 26.7 




5,.o(«-l.-n+l)+»' 


+ 124.2 


+ 62&9 


+1121. 6 




- 897.4 ■ 


-^ 3«6.9 




^...(n+l.-n-l)-^ 


- 630.8 




+ 661. 7 


+ 168.9 


+ «4.3 


+ 26.6 




S,..(n-l.-n-l)-=K 


- 00.3 


- 312.4 


-42L4 


- 672.6 


- 967.8. 






ff„.,(ti.-n+2)-H' 




+1067. 8 


+ 311. 6 


+ 111.3 


+ 3ft4 


+ : 11.6 




ffUn.-n)+^ 


- 166.6 


-1W7. 8 




+1145. 2 


+ 601.6 


+ 276.0 




tf,., (71.-7,)-^ 


+ 166.6 


+ 290.1 




+ 71.0 


+ 62.1 


+ 4^9 




tf,.,(n.-7i-2)-«^ 


+ 162.4 


+ 608.5 


+ 881.4 


+1551. 




- 1020.6 




Sa.a(Ji.-n+l)+^ 


+ 406.6 




- 747.8 


- 297.2 


- 152.4 


- 86.8 




flUn.-n -!)-«' 


- 100.4 


- 256.6 


- 177.8 




+ 739.1 


+ 219.8 




^,„(n+l.-n+l)+»' 


+2402 


+2488 


+1362 


+ 740 


+ 406 


+ S22 


S ' 


f,.o(n-l,-n+l)+»' 


- 717 


-2^83 


-4660 




+8048 


+ 3120 


A,.,(n+l.-n-l)-K' 


+2046 




-4336 


-1408 


- 697 


- 298 


.ff,.,(n-l.-n~l)--' 


+ 432 


+1214 


+1481 


+1901 


+1186 




5..,(n.-n+2)4*'. 




-S908 


-1706 


- 753 


-. 338' 


- 126 




ffo.i(n--«)+^ 


+ 893 


+39CB 




-0629 


-3936 


- 2233 




So.,(n.-n)-«' 


— 893 


-1866 ■ 




- 39 


- 287 


- 270 




ff,.,(n.-n-2)-K' 


- 693 


-1987 


-2363 


- 310 




+18643 
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Table LIII. 
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8lB 


^ 


H* 


V 




^-Htf+Si-n' 


-~ 25.36 


+ 123.2 


- 28L8 


1 


«+3i-n' 

-6+26+ j-n' 

,j+2fl+3i+n' 

^+2ff+ J-n' 


+ 60.7 

- 81G.S 

- 521,8 
+ 432. 9 
+ 129.9 


- 246.6 
+ 3636 
+ 2861 

- 2034 

- 861 


+ 663.6 

-8548 

-7663 

+6237 

+2770 


/ 


tf-2tf +n' 
^+2fl+2i+n' 
^+2?+2i-n' 

(fl-?,) coa 


- M9.4 
+ 596.4 

- 28.6 

- 214 


+ 3096 
- 2916 
+ 4M 
+ 1236 


-7476 
+7216 

-3396 




^+ -(+n' 


+ 19L93 


- 706.2 


+1302. 6- 


1 


i+n' 


- 383. 8 


+ 1410 


-2605 


i' 


^+ J+n' 


+6684 
-5312 


-40060 
+29610 




1^ 


5+ n' 


-6742 
-6024 
+6024 


+369T0 

■ +38180 

-381B0 




^ 


^ J-D' 


+6684 
-1666 


-40060 
{+11860] 




P 


^+ J+O' 


-3002 


+18970 






m' 



and by eq. (193), 

By in0pecti(m it b clear tliat the periodic part of £1 la of tlie form 

and the eecular terms are of the form 

■ ' JI7p.a),Pi,'«^co6 {U-O+il+lrrf. ^C,.„coeA 

Ezpandiug cos {(A — t)+t), and collecting coefBciente of sin t and cos t, the secular tenoa can 
be written 

n/{K,{coB «-«) + «; Bin*} 
where 

S; = .T Pp.,^'fl| COB U -*) - ^ f7,., COS .4 
E,-'-£Uj,.,rjPT)'9^Bm (A-e)' 

Introducing this notation, the perturbation can be written in the form of eq. (205) . 

The coefficient Vp.^ are given in Table LIV. K, and K^, which are conatants^ are tabu- 
lated in Tables LVg and LVn, reepectively. For a given planet the factors and arguments are 
known. Herefore if, and S^ reduce each to a sii^le numerical quantity. 

Since the BohIin-v.Zeipel method is based on the fundamental principles of Hansen, the 
Constanta of inte^ation are determined by the condition which must be satisfied when the 
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perturbations are developed oa the baais of osculating elements, namely, that the perturbatioiu 
and their first derivatives shall be zero at the time t = 0. The relations to be satisfied are 



-oj'-o 



and the following equations are equivalent relations: 



dfV COS »/ 

Tablb LIV 





a. 


•^ 


- 


- 


V 
V 


- J-B' 

2?+ j-n' 


1.705 


3.0621, 
2.S235 
2.2831 
3. 1591, 
3.24«2 


3.7263 
3.6528, 
2.8483, 
3.860? 
3.9164, 


V 

n' 






3. 2112, 
2.587K 
2.2787 
3.3156 
3.0779« 


3. 8544 
3.4163, 
2.6304, 
3.6866, 
a 3972 




- .- 9-2 J -0' 

_ ,_ g- i_n' 

- .+ a -n' 

- ,+3B+ i-D' 

- i+3ff+2J-0' 




3.1168, 
3.HW^ 
2.3242 
3.3883 
3.3632, 


3.7378 
3.7544, 

3.ooeo: 

4.1833, 




.+2S+ J-tt' 
«+M+2i-n' 
f-t-«+3J-n' 
t+M+U-n' 

t+M+8i-n' 


2.636* 

2.330(C 
8.1137 


3.370*, 

2.1720 
3.1922 
3.0138, 


3.8423 
3.4014, 
2.6339, 
3.7582, 
3. 6101 




- t-2tf-3i-n' 

- f-29-ai-n' 

- , - i-n' 

- f+2* -n' 

- ,+29+ J-W 


2. 717S 
2.7766, 

2.B125 
2.9121, 


3.4868, 
3.6970 
1.6810 
3.4427k 
3.4958 


3.9484 

3.7846 
3.8338, 




u+3e+24~n' 
f+M+3J-n' 

4H-79+6J-n' 




2.6068 
1.760 
1. 7510, 
2.9120b 


2. 8113 
4.0613 


7' 


-J.-3()-tJ-ll' 

_ ,_ j_ai_n/ 
-I.T 9 -n' 




2.8673 
2.9620, 
2.0669, 
2.9276, 
2.9702 


3.M68, 
3.9124 
2. 7932 
3.4708 
3.6487, 


V 


2.+«+3i-n' 

2,+48+U-n' 
2i+M+M-n' 




1.640 
1.617 
1.M6, 


2.731, 
2.340, 
2.2110 


V 
1' 


-2,-4S-M-a' 
-2.~W-4i-n' 
-2t-2tf-3i-n' 

-2. -2i-n' 
-2. - i-n' 




2.4012 
2.5241, 
1.5290, 
2 317iC 
2.3514 


3.3634, 
3.4644 
2. 3210 
3.0668 




«' 



^-Jl7"p.,^'«Biii .i+n({ff,(cM <-<)+£", BD f}+e,(coa •-«)+«, "in i 
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TuLi LV,i. 



lis 





Cm 


■• 


» 


»" 


1" 


j+n' 


2.918ft„ 
1.9K1 
2. BOSS 

3.9175 
3.1764, 
3.4680, 


S.7732 
2.5473, 
3.7182, 
4. 3017, 
3.97T2 

4. sees 


2.8138 




'm' 



E^ -£w'r)fi)'if C06 Ai:g. 
Tabu hV^i- 





Bin 


ID* 


• 


- 




2i+n' 


2.91S0 
3.7799 
1.9821, 
3.7744, 
3.8176, 
3.4680^ 
3.1764 


3.7732, 
4.6819, 
2.B47S 
4.6420 
13017 
4.3688, 
3.9772, 


2.8133, 




! 



K, - Ivfifhi'tf* Bin Ai^. 

~-^^—IUf^rf^'^ aa A+naKt(coa t—e) + E,mn. «| + c,(ccb t—e) +c, eon » 

Br eq. (205), at the date of osculation, 

— ~-%— 2r^.f)t^'«Mn Jl + c,(oo8i-«)+c,»in« (A) 

By Hansen,' 

in which T. Zeipel's notation ia adopted. 

From tiie various parts of 8, enumerated above, rr can be computed. Since 8 contains 
the constants of integration 

ei(coa 0-«)+<^ sin <p 

the derivative, tt, contains the constants 

— e,sin i+e, cob i ... 

The solution of eqs. (A) and (B) gives e, and c^. But there is a better way erf deter- 
mining the derivative of the perturbation. The exposition of this second method is 
postponed until a particular example is considered, for the perturbations are not yet in a form 
whicji leads to the development of the equations. 

110379"— 22 10 
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COHPABISON or TABLES. 

Tables L, LI; LII check satisfactorily. 

Table T.TTT. — ^With one exception, the a^eement is satisfactory. The bracketed coefficient 
contains a misprint in sign in t. 2<eipel'8 table. That it is a misprint is evident from Table LVi, 
in which the correct sign is given to the corresponding coefficient. 

The terms included in the last column are computed from the additional tables, All to*, 
Xniui*, XIVw* and from first degree terms in 2 1 16, eq. (200). The latter part, namely, 

1[. CO, ,(AJu,-[jJ)<(.-i ^j[lj(i.-[i^)d.\l,)] 

ia added to both eq. (200) and eq. (203). 

Table LTV. — Our table is more extensive. The one bracketed quantity includes an addi- 
tional term from Table LUI. 

TaUes LVi, LYn check satisfactorily. 

COHSTAITTS OF mTEGRATIOIl IN nJfs AND v. 

The constants in > were treated in the preceding section by the f amihar Hansen method. 

cost '^ ° •" 

It is the purpose of this section to modify the similar treatment of the constants in the per- 
tu-bations vZz and n so as to incorporate tiiem in the elements a„ e„ Ka, ipa- Through the con- 
stants of int^ation, the constant alementa, which have been used from the banning wiUiout 
definition, are to be explained. 

Since the group method of developing perturbations is built upon the fundamental prin- 
ciplee of Hansen, his conditions for the determination of the constuits of integration must be 
fulfilled. These conditions depend upon the choice of initial osculating or mean elements. 
Osculating elements are used here. The corresponding conditions are that the perturbations 
and thdr first derivatives, at the date of osculation, (t~0), shall be zero. 

Consider the relation of the constants of int^ration to the elements. There are two con- 
stants in each perturbation since the differential equations are of the second order. The con- 
stant added in the first integration is a velocity; the one added in the second integration is a 
displacement^ or, a perturbation. Now, recalling that the position and velocity of a body for 
any time t can be transformed into the constants which are ordinarily called the elements of 
the orbit, it is evident, by analogy, that a displacement of the body and the velocity of the 
displacement can be transformed similarly into changes in the elements. The four constants 
in niz and v are related to the four elements, a, e, n, e, defining the shape and size of the orbit 
and the position in the orbit, and the two constants in the perturbation which is measiu:ed peipeD- 
dicular to the plane of the orbit ere related to the elements fl, i, which determine the position 
of the plane of the orlut. It is possible therefore to modify all six elements, but it is v. Zeipel's 
preference to make the transformations only for the first four constants. 

It is not necessary to compute 

ndz v| 
dniz dvn — Q 

tor the following developments perform the transformation analytically, and the changes in 
the elementa can be computed from auxiliary functions. 

Let a„ e„ ng, c« be osculating elements; let a, t, it, e be the osculating dements modified 
by the eonatants of integration in tjie manner indicated above. 

For undisturbed motion, . 

i — e. sin e—C|, + »|i 

tg{v- 

rcofl Cr-jr,)-ffl(co8«-e,) r sin (D-Kj-OoVT^'sin « 

Hansen's choice of idea! coordinates demands that the coordinates and their velocities 
shall have the some form of expression for disturbed and undisturbed motion. Tba ideal polar 
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eooidiiiatos are deaig^ated by i or / and f. The rdationB wbScb are snal<^us to the above are 



- Ct sin i = Cj + n^ + n^a ■"«,+«,(*+ iz) 



■•'-Vl^'< 



<?(»-«.)— JTrfWi' 



f cos/— Oft (cos f — Be) ' sin/— OftVl— c,* sin I 

/-«-ff, r-Pd+i') 

These are the equations for motion in the orbit baaed on conatast osculating elements and 
appropriately determined constants of inte^ation. 

If, in place of oaculaUng elements and Hansen's nds and v, v. Zeipel'a elements and the 
corresponding perturbations are used, the equations are the same in form. In T. Zeipel's 
notation « and / take the place of c and /. The omission of the dash orer these Tariablea is 
permissible, since the physicaDy real values, vith which they might be confused, do not occur 
in the theory except for the date of osculation, where the subscript zero ia added. It is to 
be noted that, through v. Zeipel's choice of elementa, the coordinates and the perturbatioDB 
have values which are numerically different from the Hansen quantities of the same designation. 

Let tiie time be the date of osculation and denote the true coordinates by c*, v„ r,. Then 
the preceding equations for undisturbed motion become Z 121, equations (206), (207), and 
Z 125, equation (230). 

Let the disturbed eccentric anomaly and radius vector (i, f) be t, and r^ respectively. 
The relations for disturbed motion become Z 121, equation (209), and Z 122, equations (210). 

The first derivatives of these ezpreesiona ^e ^ven by equations (208) and (211), re^wc-r 
tively, and the time rate of < is given by the equation following (209). 

Hie solution of the four equations (210), (211), with the aid of all the others, detenninep. 
tliefour unknown constant elements, a, e, jt, e, or, better,, a— a„e — e„ ;r— ;ro, and e. 

The fact that the adoption of tiie new elements ih conuectioti with the pertm-bations ndz 
and V, as developed in the preceding sections, is equivalent to the uae of osculating elements,, 
foHowB from the simultaneous solution of the equations for th^ disturbed coordinates aiid their 
velocities and the corresponding equations for undisturbed motion, 

Hie method of calculating c from the equation 

. ^, , ,„ c=«, — « sin t,-!-ndz 

18 given m the example, page IS. * * 

After many laborious transformations the other tbl'ee unknowna are fficpreesied in terms of 
familiar functions in equations (233)-(236). In the verification of these equations slight differ- 
ences in the numerical coe^uentB of certain unimportant terms were found. The maguitudee 
of theee coefi&cients depend upon the number of the terma included in making the transforma- 
tions. Since it makes little difference whether or not thety are included and since v. Zeipel's 
values present a more symmetrical form of a later aujdliary function, we adopted his coeffi- 
dents. 

In the functions x, y, z the ai^umeute and factors are functions ot ^, n, <„ 0^ A, £, where 

fl,""^fj, — esin ti)—g' 

but at the beginning of the computation only i^^, no, (o, ^*, J^ X„ the corresponding functions of 
osculating elementa are known.* 

I Then Ilk aonfiiiloa otttoMtloDla T. Mpal's developmrots. In Z 127, equittoa (2X8), It li dtflnsd tobetlwvklueatfattlwilBtealowu- 
btloo wtten OKolitliig elsmoiti an lucd lor the iduiet, kud A aleumM tbe argumcDt II tlM Bknmitl a, (, n, ato., an «BWlond, or tnr Z 0. 
•qoBtiini iti), , 

«—~(f,-t,tlam)-l' 

OE the abcTTB oqilatkn. ' 

.--1.-. 

—J (n-(llna)-Mi-«' 
mtad trcm the d*t« of meulttlcp, tha factor («-«») <u^t to be n[darad b; (f— A>. 
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By equUions Z (43), (236), (236) and Uie equations preceding (233), the fatitor 9 and the 
argoments 4, ti, ^^ are given in equations (23S) in tetms of osculating values and functions of 
perturbations, inclusive of first order. 

To these should be added 

•^-^•-J^'+5W+ •••• 
and " 

r^~r-¥^ l-gi), COS faKysin jj-a 0.061^) + ^^+ 

where 1 

The eqnaticHis (233), (236), (236), and (238) permit the constmction of two tables which 
determine w, n or a, and e and n. Fnun here on the derelopmnits differ in form from v. Zeipel's 
although they are the same in principle. If v. Zeipel's equations (237) and (239) are used, the 
term («," - ijyj") should read 

(V+i," +x/') -7(yi"+yi"+y4") 
m agreement with Z 91, line 14. 

Stqipose that w-w, has been computed by equation (233) and the argument T has been 
introduced. I^e arguments and factors are ui^own. 

By Tayloi^s theorem 

iDcIndTe ol second order in m', the differentiation is for first order terms. 

Substituting the values of Ji}, dF, Jd„ JJ„ JI^ from equations (238) and the additiooal 
equations above, 

»-».-/(,., r, 0., .., zM{-^^-^-M^*{^yir*^^^ 

~^i^"'"l2^^~''*'"^'»^a^'*'4(^~3'«'^^»)jfr^*'"'»"**^*"^"'" • • • • 
The order of calculation is: computation of equation (233), in which the arguments and 
the factora are ^ven the subscript zero, differentiation of first order terms, computation of the 
second order terms in the above equation, and the additon of these second order terms to the 
first calculation. 

With some foresight the computation can be simplified. The argumenta should be arranged 
in groups like the following: _«r+2fl+2i 

-(n-l)r+2tf+2J 
-(n-2)r+2tf+2J 



(n-l)r + 2e+2J 
Then, for whole groups of arguments, 

me,) !d, SI, " 

Also for some particular argument ia a group, the condition 
may be satisfied. 
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Finally, by inapectioD of Ui« argumoits, conndersble computation can be avoided if 

The function w— to, is tabulated in Table LVI. Since it is tmavoidably a fonetion of vr 
itself, the determination of w for a given case must be made by auccessive trials, the first 
approximation being v>—v> 



Loprithnlc. 






W-w, 






Cnlt-lridlui. 




C09 


«^ 


-^ 


^ 


^ 


- 


-* 








4.360 


[5.1966,] 


[6. 7767] 








r 






4.766 


6.6699 


7.3732, 


7.7492 




2r 






4.446 


7.1194 


7.76^, 


8.0553 




3r 






1412 


6v8442 


7.6466, 


7.9060 




ir 






4.464 




7.3460, 


7.7602 




e/- 








6.3437 


7. 14B0, 


7.6136 




ir 








6.876 


6.7632, 


7.3134 


Vt 


-6r+2fl,+2i, 








6.6090 


6.6325, 


7.4746, 




-4r+2$„+2J, 






4.161» 


6.169 


7.0668 


7.8698, 




-3/'+M,+2in 






3.19 


6.8821, 


7.6078 


7.9976, 




-2r+2e^+2J, 






3.62 


7.0986, 


7, 6070 


7.9894, 




- r+2fl,+2j» 






&1420 


6.369 


7.0722, 


7.4480 




29;+2j: 




4.37B 


7.636S, 


&2144 


8.4125, 






r- 


!-2fl.+2^. 






4.866. 


B.08B4, 


8.9648 


9.566S. 




2r- 


l-2fl,+ZJ, 






4.92, 


7.8160, 


ft 6661 


9.2006. 




iT 


i-2fl;+2j; 






6.6174, 


7.6066, 


&46&0 


9.0111, 




iT- 


•2#,+2J, 






6.4248. 


7.4128, 


[8.2968] 


[ft 8661.] 




6r- 


■2«,+2J. 








7.2264, 


ft 1426 


&7346, 




7rn 


h2#.+2j; 








[6-8746J 


[7.8484] 


14936, 


r 


-(sr-j 


1-2*.+ i. 








6.8776, 


7.6604 


7.8426, 




-4rH 


M,+ Jo 






4.682 


6.8815, 


7.4636 


7.6238. 




-sr-i 


■2ff;+ 4 






4.674 


6.6271, 


6.7816 


7. 3174 




-2rA 


■2#;+ j; 






199 


6.7966 


7.4732, 


7.7066 




- FA 


1-29,+ i\ 




4.00S. 


p.i^ 


7.8814, 


ft 1061 






/'+29;+ do 






6.0066 


8.2964 


9.1086. 


9.6833 




2r+2fl,+ J„ 






4.38 


8.0484 


8.8316, 


9.3296 




8r+2flo+ J, 






&6261 


7. 8466 


8.6664. 


9.1666 




4r4M,+ ^ 






6.6612 


7.6603 


6.6030. 


9.0246 




6r+2(t,+ J, 








7.4778 


ft3644. 


8.9060 




7r+2ffo+ -Jo 








7.1130 


ft 0646, 


ft6668 


»• 


2r 


4.6M 


4.71 


&83 


7.8102 
7.7620. 
7.6172, 
7.7136. 


ft62eo, 

S.1242 
&e043, 
ft2308 




1.* 


-3r+4ff;+4j; 

-2r+49,+4J. 

- r+4e,+4j. 








7.1862 
7.1804 
6.817 
8.4680, 


7.9072, 
7.8679. 
7.466, 
&8e22 






49+4J 


4.aefl 


t6.9tt7.] 


[8.0813] 


8.M70i 


9.2073 






r-Hff.+4i. 








&7860 


0.8236, 






2r+49,+4^, 








[ft 6144] 


9.4910, 






3r+4tf,+4J, 








8.3274 


9.3006. 






4r+4Bo+4J. 








ft 1627 


9.1494, 






6/'+4e,+4J, 








ftODSO 


9.0106, 




W 


-4r+4fl,+3i(o 
-3r+4fl:+3J: 
-2/'+49,+3J, 

- r+4fl +3^; 








7' 6708, 
ftBSU 


ft 1083 
ft2084 

9.0648, 






4fl„+3Jo 


4.B16fl 


[12084] 


8.6666, 


9.2180 


9. 6174, 






r+49„+3i. 








9.2783, 








2r+4flo+3Jo 








9.0241, 


B.B635 






3r+4tf,+3i« 








8.6480, 


9.7850 






4r+4flB+3i, 








ft 6916, 


9.6434 






6r+4e,+3i. 








&6401, 


9.6128 








m" 


m" 


m^.m' 


m'',m' 


m' 


n' 
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Tabu LVI--Contiaued. 

to-u,, Vnlt-in 





Cm 


^ 


^ 


^ 


w 


« 


^ 


M" 


-ir+ i, 
-2r+ J, 

3r+ J, 

4r+ j« 


4.618, 


[8.886.] 


[6.70,1 


7.7640 
7.4203 
7. 8104, 
8.0479, 

7.1339 
7.8421 

7.9669 
7.9760 


7.8364, 
8. 3915 
8.6268 
8.8018 

7.8500 
8.4293, 
8.6796, 
8.7576, 




<• 










6.9002 
7.1638 


7. 6838. 

7.8502. 








8.76 


6.0608. 


8.4157 


8.1860, 
8.076^ 
9. 1714 
8.9368 
a 7718 
8.6236 


8.4016 
9.1661 
0. 1382, 
9.8333, 
0.6681, 
16372, 




f 


r 

ST 

4r 


3.76 


5.7516 


4.7 


7.8677 
7.8610, 
8.1026. 
8.1538, 


8.6727, 
8.2228 
8.7296 
8.8728 




f 


r 

8/" 

4r 








7.9418, 
7.0312; 
7.7920. 
7.639. 


8.7337 
a 7164 
8.6164 
a 6001 




f 










7.446 
7.1858 


8.1166, 
7.8677, 










4.804, 


7.168 


7. 6176, 

7.9368, 

7.7887 

7.448 

7.1976 

6.979 


7.9693 
4 3724 
8.8492, 
8.4531, 
&2026. 
7.0963. 




V 




6. 4181, 
6.418. 


6.202 
6.2B2 


7.4764, 
8.6328. 


8.6636 
9.4361 






*v 


it^ 


5.885 
4.974 
5.935 


6.719. 
6.896. 
6.780. 


8.5069 
8.0328, 
9.2774 


9.2804, 
8. 1975 
0.0330, 






»/■ 


2». 


6.744. 


6.536 
6.327 
6.744 


[8. 3811,] 
8,0917 
9.4432, 


9.1030 
8.6300 
0.1464 






1'" 


1S:W: 


5.301 
6.301 


6-149, 


8.2302 
9.1294 


0. 0162. 
9.7729, 






)% 


2ff,+M, 


4.502, 


6.41 
5.41 


8.5904 
8. 1011. 
8.0654, 


9.3492, 
8.8720 
8.9263 


0.8022 




)V 


2fl,+ J, 


4.067 
4.067 


5.0S1, 


6.887 
&2718 


9.3245 
8.1801, 
9.1021, 










W» 


m" 


mf*,v^ 


fW«,«' 


m' 


m' 



-w^i^£Ow»^p'^lf* coa Agr., when C repnaentB the rapective coeffidcDt. 
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Tiiming now to the detarmmation of « and n, let eqTtatioas (236), (236) be written in tho 
fonu (244), where 

^— H4V^)^^4^+ 



■ *^- -2^-47/6^-3 "'^^ 

Multiplying the first of these hy sin ^, the second by cos ^ and adding, 

S Bin^& + Ccoe^&— — ^CycoB ^+2 sin ip)+Qx(y cos if'+ZBiatfi) 

— geBi/(!/c<» ^+«Bin ^)+j-a(y8in^— 2Coe (ft)+ . . . 

Here, again, the lu^uments and factors are functions of the elements a, e, i:, e, and the ejcpansion 
in a Taylor's seriee is necesaaiy. 
Let 

8 ain ^ + C COS ^-f(^, Tu Ou J, I) 

Then the form of Taylor's series is die same as the ea^rcesion for w— w„ (p. 148), with the 
following modification. Within first order quantities, 

/(V, ^1. Si, ^, ■?) - -^iy cos ^+z sin 4>) 
Hence, 

+ ((.-,. c<»..),f+|(l-|,.co„.)^S+' 

Hie order of oon^utatioo is: calculation of 

-2^^ '^^ ^+S8in^) 

by inspection of the table for W, in which the arguments are to be given tlie snbsraipt ztfo, 
differentiation of the first order terms, calculation of the necessary products of functions of y, e, 
and the partial derivatives, and the addition of these products to the first calculation. The 
required function is given in Table LVH. 
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Table LVII. 
Lofartthmlc Saa^+Ctxeif 





CM 


.^ 


^ 


W-l 


«. 


«. 


K* 










8.81 


1.082, 


1. 6710 


1.612, 










8.009 


1.2314, 


1.5492 


0.989' 










9.318 


0.931 


1.604, 


1.916 










9.207 


[1.6478] 


2. 1070, 












9.711 


1.960 


2. 3426, 


2. 3713 








9.196 


2. 1712, 


2.5678 


2.565, 












9.p„ 


2.3&11, 


3.1493 


3. 7107. 










9.220, 


1. 9114, 


2.6867 


3. 1657. 










9.724, 


1.5372, 


2.3831 


2.8623, 










9.491, 


1.2511. 


2. 1316 


2,6^ 










9100. 


1.018, 


1.9034 


2.4348, 


^0 








9:771, 


1.012, 


1.868 


2.357, 










0.061, 


1.723, 


2.3615 


2.6814, 










0.3185, 


2.1626. 


2.6961 


2.9214, 










0.497. 


[2. 7787,] 


[3.0649] 


3.0903, 






B.199 


9.01. 


1.0288, 

[2.61721 


3.2379. 
[3. 2511.] 


3.1223 
[3.4930] 


3.9385, 










0.7226 


3.1702 


4.1580i 


4.9365 










0.669 


2.7877 


3.7083; 


4.3606 










a9i36 


2.B117 


14261, 


4. 0150 










0.8122 


2.2732 


3.2012, 




^ 


t-ir 






9.814, 


1.825 


2.634. 


2.981 




;s-4r 






0.0134, 


2.0527 


2.6896. 


2.M32 










0.3M1, 


2.145 


2.675, 


2,714 




#-2r 




».140 


0.362," 


2.1351 


2.3860. 


2.4864, 










0.4164. 


2.3601. 


3.0929 


8.5397; 




t+ r 




9. 274, 


0.1436, 














0.3102; 


2,197 


3. 1876, 


3.5978 




<^+2r 




9.137, 


9.918 


1.9006, 


1.0463 


2.8834 










9.165 


0.812, 


2. 5218, 


13561 




H*^ 






9.20. 


l.«6. 


1.729 




»' 








aiTfi 


1.827 


1.889, 


2.2299 










9.781 


1.447 


2.1S06, 


2.6419 










1.811 


2.1070 


2.6309. 


2.8608 










0.3489 


2.5095 


2.9557, 


3.0952 










0. 9511 


3.3599 


2.7758 


3.9726 






8.76. 


[0.1581 


[^■^2.] 


3.3085 


3.4526. 












9.961, 


8.S6M, 


4. 3114 


6.0691, 










0. 191, 


2.9913. 


3.8728 


4.4922. 










1.0164, 


2.7293, 


3.6067 


4.1946; 










0.678, 


2.4992, 


3.3916 




f 


•i-JK^' 






9.848 


2.0766, 


2.712 


2.9697. 




it-^r+i. 






0.0792 
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OOUPABISON or TABIDS. 

Table LYI. — ^Unless there are errors of calculation, all the discrepancies are doe to the 
accumalatioQ of other discrepanciee already discussed. Without going into the details of the 
construction, it is sufficient to remark that our table is built from practically all of the available 
auxiliary material. Our table includes many more terms than t. Zeipel's table, but it is wanting 
in the two arguments &r and ST in the first Mock of terms. These ai^;miient8 contain 3t and 4*, 
reepectively, and our series were not inclusive of these higher multiples. It would be more 
consistent to include them, since the argument TF is included. 

Table LVn. — ^Unless there are errois of calculation, all the discrepancies are du6 to the 
accumulation of discrepancies already discussed. Our table is built from practically all the 
available auxiliary material. Large disagreements are to be explained by v. Zeipel'a use 
of the formula foUowing Z 131, equation (244). In this equation the fdlowing fouctiona are 
omitted: 

-i(y»' cos ^ + z,' Bm<li)~^Qy^ cos^ + [;^sini&). 

IN H. T. ZBIPSL, AKOENiHBRTB JUPTrSSSTORUFGEH FOR DIB HBCIIBAp(HLITOB. 
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-BBRATA HI EAXL BOHUH, SOR IS DftVBLOPraHEHT DBS PBRTURBATIOnS PLAIlftTAIKBS, i 1-7, 
AND TABLES I-XZ. 
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